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In this paper we present a number of exact analytical solutions of the modified gravity
equations for one-dimensional vacuum theory with Gauss-Bonnet term as well as

the metric F'(R) gravity depending on one and two variables.
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General Theory of Relativity. Einstein-Hilbert equations

Action:

§=-< /d4z\/ng
2K

k=1.86x10"2"sm x g~1; g =det g.v

Scalar curvature (Ricci scalar):

R= g“"g”TRWa-r

Curvature tensor:

1 azgl“' azguff 829#0‘ 8291/1'
Ruvor = = - -
wroT 2 <Bxyamg + dx, 0z,  Oz,0z, am#azf,)

+  Gap <F30Fﬁ‘r - FSTF‘E[X>

Vacuum gravitational field equations:

1
R/_“/ — 591"/R =0

Ry = g“ﬁRaugy - TeH30p Puyun
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Gravity with Gauss-Bonnet term

Action:

— 57 | oV (R+ FG)

Gauss-Bonnet term:

G = R%— AR" R, + R"'*° Ry po

Vacuum gravitational field equations:

1 1
Ruy = 0B = S 9w F(G) = [ = 2RRuy + ARup Ru? — 2R,P7 Rupor +

49°?9P° Ry Rpo — 2RV Vo +2g, RO — 4Ry, O+ 4R,PV YV, + 4R, PV, Y, —
49, RV, Vo + 49°° 9P R0 Ve Vo | Fo =0

dF(Q)
G
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Gravity with Gauss-Bonnet term. Case of dependence on one variable

Friedmann-Lemaitre-Robertson-Walker metric:
ds® = —dt® + (a(t)* 3 (da')?
Field equation:
24H3G Foe — GFe + F+6H?2 =0
Gauss-Bonnet term:
G = 24H*(H + H?)

&

H= % - Hubble rate
a(t) - scale factor

Scalar curvature R=6(H+2H?)
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General vacuum solution of the model with Gauss-Bonnet term. Case of

dependence on one variable

Field equations include the derivatives dt and d
Ansatz:

dH?
vV H?2 — = ®(H?), ®(H2%) — an arbitrary function

Let's denote H2 =

Then the field equation becomes an ODE for the function F'(z):

20® 20D (Pyy +4) D+ 222
Foo — (

= Fy+F+6z=0
&, + 4z (@, 1 42)2 <1>z+4x> v o

Gauss-Bonnet term: G =12 (®(x) + 222)
It is possible to obtain a general solution of this equation for F'(x)

for an arbitrary function ®(x)
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General vacuum solution of the model with a Gauss-Bonnet term. The case

of dependence on one variable

General solution is:

(0) I zdx
_ 2 o , C VI (Pg +4x)e) "¢ dx 3
F(z) = Co (22% + () [Cl + Co? ./ (P + 2x2)2

3 @ 2$2)67I% dry +/xz(®, + 4x) ef%
/Eo(/ . Vz d ) ’ (2I—§+<I>)2 dac]

By choosing different forms of function ®(z) we obtain different functions F(z)

From the expression for G we obtain z(G) = F(G)

Then from Ansatz we obtain z(t) = a(t), R(t)
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Particular cases of solution

Simplest form of ®(x):
1. &(x) = Cox?

C C _2
a(t) ~ (=7t +t0) %, a(t) ~ (==t + ) 0
C C
G(t) ~ (=t +10) ™4, R(D) ~ (— 5t 4 10) 7>
1a For Cp <0, top > O:
scale factor a(t) T monotonically with ¢ 1
H, G and R are continuous functions for all ¢ > 0
For Cp <0, tg < O:

H, G and R -» but this singularity "in the past"may be purely coordinate one

1b For Cp > 0 the above functions are defined only for ¢ < ts; and have the future
singularities at ¢ = t5. Since 3H2 — oo and |2H + 3H?2| —» oo at t — t this is
the Big Rip (Bonbwoii paspeis) singularity and ¢s is the so-called Rip time.

This solution describes the universe that ends at the Big Rip singularity in the time ¢;.
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Particular cases of solution

1c Cy = %
C(O) c© G
F(G)=-3 G G1
(6)=-3VaVG + —=—G+ 8¢ 32
1d Co # 2
PG = 230+ DG cc® 202 ¢ ( G 92
B Co — 2 12Co V3¢(2 = 3Cp) \Co + 2
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Particular cases of solution

Il
®
8

vl

2. &(x)

z(t) ~ Pt a(t) ~ e et

And

G(z) = 12(222 + Bz 3)
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F(R) gravity

Action:

S = i /d‘*z\/?gF(R)

Vacuum gravitational field equations:

1
FR(R)RHV — iF(R)gpu — [V,uvu - g[.LVD}FR(R) =0
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F(R) gravity. Case of dependence on one variable

Friedmann-Lemaitre-Robertson-Walker metric:
ds? = —dt® + (a(t))? (dz?)?

Friedman equation:

.. . . 1
18H(H +4HH) Frg — 3 (H + H*)Fr + SF=0

Sla

H= % - Hubble rate
a(t) - scale factor

Scalar curvature R=6(H+2H?)
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F(R) gravity. Case of dependence on one variable

Field equations include the derivatives % and %

Ansatz:

1 dH?
VH?2 dt

= ®(H?), ®(H2%) — an arbitrary function

Let's denote H? =

Then the Friedman equation becomes an ODE for the function F'(z):

=0

Pyr <I>+2;B>Fx <I>w+4F

Faz = (
e O, +4 201 201

Scalar curvature R =3(®(x) + 4x)

By choosing different forms of function ®(x) we obtain different functions F(x)
From the expression for R we obtain z(R) = F(R)

Then from Ansatz we obtain z(t) = a(t), R(¢)
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Particular cases of solution

Simplest form of ®(x):
1. &(z) = az?

F(x) 201\/56% +Cg(§x2— 332m— 32? \/Ee% erf(ﬁ)), m=4i\/@
x

a(t)web(itthU)%, R(t) ~ (it+t0)*% (4+b(it+t0)*§)

2. o) =2
F(x)zClﬁ(l+2anx")+%(l+2 bua"), @ = 1(§i R—2—16a)

4
a(t) ~ PEHOZ  R() ~ (£t +t0) "5 + b(£t +0) 3
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Particular cases of solution

3. &(z) = Cozx + C1, Cp,C1 = const

A.Ci1 =0
+v6 +V6
Fi(R) = C4R* +C_R*~, Fy(R)=CiR3" + R InR
1 2
AR = 3RS cos (bIn R+ o)

H(t) ~ (£t +to) "L, a(t) ~ (it+to)_c%), R(t) ~ (%t + to) 2

B.Cy #0
1 ~ 3 3 5
F(R) = CgFl(—kJr;—k,;—i;z)—i-Cz% 2F1(—k++§;—k,+§;§;z)
v Col|C
z o~ R+ﬁ:tanh2(%t—\to\)<l

v/ Co|C1| Co [|C1 -&
H ~ tanh(Tt—|to|), a(t)~(cosh(7,/’C—O‘t+to)) o
3(6-+tann? (VLA )

R(t) ~
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Cosmological interpretation

H = 7”‘% tanh(%tfﬁo\) ﬁ@t*\to|<0
0

e
— K 1=0<0ik1
HH

Slow-Roll Parameters:

L <1 = o <1
€6 = ——
2 /7
H 2smh2( CO‘CI — |to \)
F CO Fzz
€3 = L1l = — = <1
2HFR 2 cosh? (7" CO2|COO| 3= |t0|) Iy
F
@ = —L <1 =
HFp
C() Co CO Fzzz

= + <1
2 sinh2 (7\/6‘02\000| L — \t0|) 2 cosh? (\/Co\Coo —Ito ‘) Fs
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F(R) gravity. Case of dependence on two variable

Metric interval:

ds? = guudatdz? = —4f(C,n) dCdn — gapda®da®

Gab = gub(C7 77)1 a7b = 172; Signature (+ - __);

Parameterization gqp:

Gab = <¢¢w Y w? +i}é‘)a2 7/)_1) , Ui ==+1
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F(R) gravity. Case of dependence on two variable

Vacuum field equations (6 equations):

(aFR(ln %)g)m + (O‘FR(lng)ﬂ)c — %%cww =0

(FROCWWC)’" - (Flzﬁwn),c =0

(aFR), ¢n —af(FRR—F)=0
1
OtF'Rffz-f—OLFR7 ¢n —2FRCX’ ¢n — 5(04’ nFR, C-I—Ot7 CFR, 7’) =0

(Inf), ¢=

1 2 1 ) 1
= TFr) . (n(aFr), ¢ + 202 @)+ 5((n =) 0)* + Z((Ine), ¢)* + ((n Fr), 0?)

and a similar equation for (In f),
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Dependence on two variables. Factorization

Metric interval is diagonal: guv = diag(f, —f, —|al, —|al)
A. Let’s consider

a = ai(()az(n)
Then

PR ~ (A, L 1Y

The scalar curvature R and the metric function are:

R~ a1 gok2(n) ¢ o (Rfl)

Example: in coordinates

I
|
|
—
~
I
N
N2

1
Q) =¢=5(t+2), az(n) =17
The interval is:
ds? = dt? — dz% — (t? — 2%)(da? + dy?)

The scalar curvature is:
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: 1 :
Dependence on two variables. F/(R) ~ ik general solution

Metric interval is diagonal: guv = diag(f, —f, —|al, —|af)

B. Let’s consider

1
F(R) ~ —
Ansatz:
1

The solutions for the metric components «, f and for the scalar curvature R are
expressed in terms of two arbitrary functions ¢1(¢) and p2(n) # 0:

a ~ (/sm(C)dCJr/</>2(77)d77>74

o~ p1(Qp2(n) (/aol(C)dC+/<p2(n)dn)_4

R~ ([er©dc+ [eaman)”

If p1(¢)d¢ ~ d®1(¢) and p2(n)dn ~ dP2(n) choosing coordinates
Dy~ (t+2), Po~ —(t—z)

we obtain a conformally flat metric. With ¢1(¢) and 2(n) are constants we obtain a
solution in the travelling wave variable
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Dependence on two variables

Let us return to:

Metric interval: ds? = gupdatda’ = —4f(¢,n) d¢dn — gapdr®da®
N w
Parameterization: ggp: Gab = (www b w? +:f(2¥ o2 w_l)' detgqp, = + o2

Let us reduce the initial system of field equations to a system of ODEs

by moving to the "travelling wave'"variable:

y(Cm) =C+ M= %(()\—Fl)z—()\—l)t)

1 1 .
y(Cm) = N5 (C+An) = o (A+1)z—i(A—=1)p)
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Dependence on two variables. "Travelling wave'"variable

Writing the field equations as a system of ODEs in terms of the "travelling
wave'variable we obtain that all functions of the theory are expressed

through a single function x(y) (and its derivatives):

¥ ~ coshx(y)
(6%

1

X,y

w ~ wo + tanh x(y), Fr~

The function (In«), , satisfies the Abel equation of the 2 kind:

(na),yy (na),y+X22) = 29 (na) )2 + (X222)(na),, +
X,y 2X, yy X,y

l(xyyyyy ~ 3XwyyXoyy + 4(xyy)? _ (X,yyy)* n Xwyy (X,w)° S )
Wy X,y
3N Xy (x,9)? (x,v)® Xy Xoyy 2X, yy

which can be solved exactly
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Solution of Abel's equation:

1 12X, yyy X, yy\2 2 3
1 = || etk (At )=
( H(O‘X,y)),y \/§[ X, ( X.u ) (X, v) ]
Metric coefficient f:
fra

By choosing a different form of the function x(y) all variables of the model can be

exactly expressed as functions:

gab = 9ab(y), f=f(y), R=R(y), F=F(Q)
Our goal is to obtain F =F(R)

Ansatz:

X,y =X, y(R)
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Dependence on two variables. Resulting equations

Combination of equations leads to:

FrR)?2 M)2

3f Xy (SAR)4R -3 [ P
X M ) ([ re™ & DAL A TISE
(X, ), r)
_ i <2<P0f0 RNdR )
TNV S Frloe?
_ _2(x.y)r _ 3(InFR)p
where N(R) = )2 v
Choosing a dependency Fr = Fr(x,y) (or X,y = x,y(Fr)) we obtain
Fr = Fr(R) and restore F(R) = [ FrdR + Fy
Coordinate dependency y(R):
Yy+yo=
dR
</
, 3 v (£RR)%qR af (ERrR)?aR
X,y x,y), R\ FR 2 (x, )R Fr
\/((X,y),R)z € Y (f(ny) (X,y),Re Y dR+p0>
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Dependence on two variables. Example

Consider x,y = X, y(Fr) as:

Then

k2 —3 1 k2-3 7k%2-—

y+vo~ BT 2R(G 555 G e o)

3k2 -3
X(R) ~ sinh™! (C'o Rz("”)) + X0

and all metric functions will depend on R
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Dependence on two variables. Example

For some values of k one can express R = R(y) explicitly
Let

F(R)~ R, n= 12‘/3
Then the metric interval:
wo 2n—1
ds? = —Afd¢dn— g WY cosh (T) (dz')? —
0
2n—1 5t
—  2w3=1 cosh (T) (tanh () + M) dz'dz?
0
_ Ew 3D [cosh (1) (tanh () + LJOWO>2 + 0o cosh™! (T)] (dz?)?
wo \PO
and
3(n—1)2

1
f o~ sinhlq:\/g(\/CQeryo), w~ R 12

. VC
R ~ sinh 1i¢§(\/00y+y0), T ~+2In tanh#—i_y0 )

Shubina Maria V. TouHble peweHns B MOAUKULMPOBAHHBIX MOAENAX FPaBMTaALUN



M. V. Shubina, Exact analytical vacuum solutions of R"-gravity model
@ depending on two variables, Annals of Physics, 451, 169245 (2023) DOI:
10.1016/j.a0p.2023.169245

M. V. Shubina, Some exact solutions of Friedmann cosmological equation,
@ Annals of Physics, 462, 169613 (2024) DOI: 10.1016/j.aop.2024.169613

M. V. Shubina, General vacuum solution of modified gravity with Gauss-Bonnet
@ term, Gravitation and Cosmology, 30, Ne 4, 455 (2024) DOI:
10.1134/5020228932470035X

M. V. Shubina, Scheme of integration of two-dimensional vacuum F(R) gravity in
@ a travelling wave variable, arXiv:2505.12315

Shubina Maria V. TouHble peweHns B MOAUKULMPOBAHHBIX MOAENAX FPaBMTaALUN



THANK YOU FOR YOUR ATTENTION

Shubina Maria V. TouHble pewenns B MOAUMMLMPOBAHHBIX MOAENSAX rpasuTaunm



