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In this paper we present a number of exact analytical solutions of the modi�ed gravity

equations for one-dimensional vacuum theory with Gauss-Bonnet term as well as

the metric F (R) gravity depending on one and two variables.
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General Theory of Relativity. Einstein-Hilbert equations

Action:

S = −
c

2κ

∫
d4x

√
−gR

κ = 1.86× 10−27sm× g−1; g = det gµν

Scalar curvature (Ricci scalar):

R = gµσgντRµνστ

Curvature tensor:

Rµνστ =
1

2

( ∂2gµτ

∂xν∂xσ
+

∂2gνσ

∂xµ∂xτ
−

∂2gµσ

∂xν∂xτ
−

∂2gντ

∂xµ∂xσ

)
+ gαβ

(
Γα
νσΓ

β
µτ − Γα

ντΓ
β
µσ

)
Vacuum gravitational �eld equations:

Rµν −
1

2
gµνR = 0

Rµν = gαβRαµβν - òåíçîð Ðè÷÷è
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Gravity with Gauss-Bonnet term

Action:

S =
1

2k2

∫
d4x

√
−g (R+ F (G))

Gauss-Bonnet term:

G = R2 − 4RµνRµν +RµνρσRµνρσ

Vacuum gravitational �eld equations:

Rµν −
1

2
gµνR−

1

2
gµνF (G)−

[
− 2RRµν + 4RµρRν

ρ − 2Rµ
ρστRνρστ +

4gαρgβσRµανβRρσ − 2R∇µ∇ν + 2gµνR□− 4Rµν □+ 4Rν
ρ∇ρ∇µ + 4Rµ

ρ∇ρ∇ν −

4gµνR
ρσ∇ρ∇σ + 4gαρgβσRµανβ∇ρ∇σ

]
FG = 0

FG(G) ≡
dF (G)

dG
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Gravity with Gauss-Bonnet term. Case of dependence on one variable

Friedmann-Lema�itre-Robertson-Walker metric:

ds2 = −dt2 + (a(t))2
∑

i=1,2,3

(dxi)2

Field equation:

24H3Ġ FGG −GFG + F + 6H2 = 0

Gauss-Bonnet term:

G = 24H2(Ḣ +H2)

˙≡ d
dt

H = ȧ
a
- Hubble rate

a(t) - scale factor

Scalar curvature R = 6 (Ḣ + 2H2)
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General vacuum solution of the model with Gauss-Bonnet term. Case of
dependence on one variable

Field equations include the derivatives d
dt

and d
dG

Ansatz:

√
H2

dH2

dt
= Φ(H2), Φ(H2) − an arbitrary function

Let's denote H2 ≡ x

Then the �eld equation becomes an ODE for the function F (x):

2xΦ

Φx + 4x
Fxx −

(2xΦ(Φxx + 4)

(Φx + 4x)2
+

Φ+ 2x2

Φx + 4x

)
Fx + F + 6x = 0

Gauss-Bonnet term: G = 12 (Φ(x) + 2x2)

It is possible to obtain a general solution of this equation for F (x)

for an arbitrary function Φ(x)
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General vacuum solution of the model with a Gauss-Bonnet term. The case
of dependence on one variable

General solution is:

F (x) = C0

(
2x2 +Φ(x)

) [
C

(0)
1 +

C
(0)
2

C0
2

∫ √
x (Φx + 4x) e

∫ xdx
Φ dx

(Φ + 2x2)2
−

∫
3

C0

(∫
(Φ + 2x2) e−

∫ xdx
Φ dx

√
xΦ

)
·
√
x(Φx + 4x) e

∫ xdx
Φ

(2x2 +Φ)2
dx

]

By choosing di�erent forms of function Φ(x) we obtain di�erent functions F (x)

From the expression for G we obtain x(G) ⇒ F (G)

Then from Ansatz we obtain x(t) ⇒ a(t), R(t)
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Particular cases of solution

Simplest form of Φ(x):

1. Φ(x) = C0x2

x(t) ∼ (−
C0

2
t+ t0)

−2, a(t) ∼ (−
C0

2
t+ t0)

− 2
C0

G(t) ∼ (−
C0

2
t+ t0)

−4, R(t) ∼ (−
C0

2
t+ t0)

−2

1a For C0 < 0, t0 ≥ 0:

scale factor a(t) ↑ monotonically with t ↑

H, G and R are continuous functions for all t > 0

For C0 < 0, t0 < 0:

H, G and R ↛ but this singularity "in the past"may be purely coordinate one

1b For C0 > 0 the above functions are de�ned only for t < ts and have the future

singularities at t = ts. Since 3H2 −→ ∞ and |2Ḣ + 3H2| −→ ∞ at t −→ ts this is

the Big Rip (Áîëüøîé ðàçðûâ) singularity and ts is the so-called Rip time.

This solution describes the universe that ends at the Big Rip singularity in the time ts.
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Particular cases of solution

1c C0 = 2
3

F (G) = −3
√
2
√
G+

cC
(0)
1

8
G+

C
(0)
2

48c
G ln

G

32

1d C0 ̸= 2
3

F (G) =
2
√

3(C0 + 2)G

C0 − 2
+
cC

(0)
1

12C0
G+

2C2
0 C

(0)
2√

3c(2− 3C0)

( G

C0 + 2

)C0+2
4C0
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Particular cases of solution

2. Φ(x) = βx
3
2

x(t) ∼ eβt, a(t) ∼ eγ eβt

And

G(x) = 12(2x2 + βx
3
2 )
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F (R) gravity

Action:

S =
c

2κ

∫
d4x

√
−gF (R)

Vacuum gravitational �eld equations:

FR(R)Rµν −
1

2
F (R)gµν − [∇µ∇ν − gµν□]FR(R) = 0

FR(R) ≡
dF (R)

dR
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F (R) gravity. Case of dependence on one variable

Friedmann-Lema�itre-Robertson-Walker metric:

ds2 = −dt2 + (a(t))2
∑

i=1,2,3

(dxi)2

Friedman equation:

18H(Ḧ + 4HḢ)FRR − 3 (Ḣ +H2)FR +
1

2
F = 0

˙≡ d
dt

H = ȧ
a
- Hubble rate

a(t) - scale factor

Scalar curvature R = 6 (Ḣ + 2H2)
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F (R) gravity. Case of dependence on one variable

Field equations include the derivatives d
dt

and d
dR

Ansatz:

1
√
H2

dH2

dt
= Φ(H2), Φ(H2) − an arbitrary function

Let's denote H2 ≡ x

Then the Friedman equation becomes an ODE for the function F (x):

Fxx −
( Φxx

Φx + 4
+

Φ+ 2x

2Φx

)
Fx +

Φx + 4

2Φx
F = 0

Scalar curvature R = 3 (Φ(x) + 4x)

By choosing di�erent forms of function Φ(x) we obtain di�erent functions F (x)

From the expression for R we obtain x(R) ⇒ F (R)

Then from Ansatz we obtain x(t) ⇒ a(t), R(t)
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Particular cases of solution

Simplest form of Φ(x):

1. Φ(x) = αx2

F (x) = C1
√
x e

2
x + C2

(2

3
x2 −

32

3
x−

32
√
2π

3

√
x e

2
x erf

(√ 2

x

))
, x = 4±

√
16−

2

3
R

a(t) ∼ eb
(
±t+t0

) 2
3
, R(t) ∼

(
± t+ t0

)− 2
3

(
4 + b

(
± t+ t0

)− 2
3

)
2. Φ(x) = α

x

F (x) = C1
√
x
(
1 +

∞∑
n=1

anx
n
)
+
C2

x

(
1 +

∞∑
n=1

bnx
n
)
, x =

1

8

(R
3

±

√
R2

9
− 16α

)

a(t) ∼ eβ(±t+t0)
4
3 , R(t) ∼ (±t+ t0)

− 2
3 + b(±t+ t0)

2
3
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Particular cases of solution

3. Φ(x) = C0x+ C1, C0, C1 = const

A. C1 = 0

F1(R) = C+R
k+ + C−R

k− , F2(R) = C1R
4±

√
6

2 + C2R
4±

√
6

2 lnR

F3(R) = C3R
1
4
(3+ 2

C0
)
cos

(
b lnR+ φ0

)
H(t) ∼ (±t+ t0)

−1, a(t) ∼ (±t+ t0)
− 2

C0 , R(t) ∼ (±t+ t0)
−2

B. C1 ̸= 0

F (R) = C 2F1(−k+;−k−;−
1

2
; z) + C̃ z

3
2 2F1(−k+ +

3

2
;−k− +

3

2
;
5

2
; z)

z ∼ R+ β = tanh2
(√C0|C1|

2
t− |t0|

)
< 1

H ∼ tanh
(√C0|C1|

2
t− |t0|

)
, a(t) ∼

(
cosh

(C0

2

√∣∣∣C1

C0

∣∣∣ t+ t0
))− 2

C0

R(t) ∼ 3
(
b+ tanh2

(√C0|C1|
2

t− |t0|
))
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Cosmological interpretation

H = −

√∣∣∣C1

C0

∣∣∣ tanh (√C0|C1|
2

t− |t0|
)

⇒
√
C0|C1|
2

t− |t0| < 0

Ḧ

HḢ
≪ 1 ⇒ 0 < C0 ≪ 1

Slow-Roll Parameters:

ϵ1 = −
Ḣ

H2
≪ 1 ⇒

C0

2 sinh2
(√C0|C1|

2
ti − |t0|

) ≪ 1

ϵ3 =
ḞR

2HFR
≪ 1 ⇒ −

C0

2 cosh2
(√C0|C̃00|

2
t− |t0|

) Fzz

Fz
≪ 1

ϵ4 =
F̈R

HḞR

≪ 1 ⇒

−
C0

2 sinh2
(√C0|C̃00|

2
t− |t0|

) +
C0

2
−

C0

cosh2
(√C0|C̃00|

2
t− |t0|

) Fzzz

Fzz
≪ 1

Shubina Maria V. Òî÷íûå ðåøåíèÿ â ìîäèôèöèðîâàííûõ ìîäåëÿõ ãðàâèòàöèè



F (R) gravity. Case of dependence on two variable

Metric interval:

ds2 = gµνdx
µdxν = −4f(ζ, η) dζdη − gabdx

adxb

gab = gab(ζ, η), a, b = 1, 2; signature (+−−−);

Parameterization gab:

gab =

(
ψ ψ ω
ψ ω ψ ω2 + σ2

α α2 ψ−1

)
, σ2

α = ±1
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F (R) gravity. Case of dependence on two variable

Vacuum �eld equations (6 equations):(
αFR(ln

ψ

α
)ζ

)
, η

+
(
αFR(ln

ψ

α
)η
)
, ζ

−
2FR ψ

2

α
ω, ζ ω, η = 0

(FRψ
2

α
ωζ

)
, η

+
(FRψ

2

α
ωη

)
, ζ

= 0

(αFR), ζη − αf(FRR− F ) = 0

αFR fR+ αFR, ζη − 2FR α, ζη −
1

2
(α, ηFR, ζ + α, ζFR, η) = 0

(ln f), ζ =

=
1

ln(αFR),ζ

(
ln(αFR), ζζ +

ψ2

2α2
(ω,ζ)

2 +
1

2
((ln

ψ

α
),ζ)

2 +
1

2
((lnα), ζ)

2 + ((lnFR), ζ)
2
)

and a similar equation for (ln f), η
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Dependence on two variables. Factorization

Metric interval is diagonal: gµν = diag(f,−f,−|α|,−|α|)

A. Let's consider

α = α1(ζ)α2(η)

Then

F (R) ∼ |R|n,
1−

√
3

2
⩽ n ⩽ 1 +

√
3

2

The scalar curvature R and the metric function are:

R ∼ α1
k1(n) α2

k2(n) f ∼
(
R−1

)
,ζ η

Example: in coordinates

α1(ζ) = ζ =
1

2
(t+ z), α2(η) = η = −

1

2
(t− z)

The interval is:

ds2 = dt2 − dz2 − (t2 − z2)(dx2 + dy2)

The scalar curvature is:

R ∼ −
1

t2 − z2
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Dependence on two variables. F (R) ∼ 1

R
, general solution

Metric interval is diagonal: gµν = diag(f,−f,−|α|,−|α|)

B. Let's consider

F (R) ∼
1

R

Ansatz:

α(ζ, η) ∼
1

R2
, R = R(ζ, η)

The solutions for the metric components α, f and for the scalar curvature R are
expressed in terms of two arbitrary functions φ1(ζ) and φ2(η) ̸= 0:

α ∼
(∫

φ1(ζ)dζ +

∫
φ2(η)dη

)−4

f ∼ φ1(ζ)φ2(η)
(∫

φ1(ζ)dζ +

∫
φ2(η)dη

)−4

R ∼
(∫

φ1(ζ)dζ +

∫
φ2(η)dη

)2

If φ1(ζ)dζ ∼ dΦ1(ζ) and φ2(η)dη ∼ dΦ2(η) choosing coordinates

Φ1 ∼ (t+ z), Φ2 ∼ −(t− z)

we obtain a conformally �at metric. With φ1(ζ) and φ2(η) are constants we obtain a
solution in the travelling wave variable
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Dependence on two variables

Let us return to:

Metric interval: ds2 = gµνdxµdxν = −4f(ζ, η) dζdη − gabdx
adxb

Parameterization: gab: gab =

(
ψ ψ ω
ψ ω ψ ω2 + σ2

α α2 ψ−1

)
, detgab = ± α2

Let us reduce the initial system of �eld equations to a system of ODEs

by moving to the "travelling wave"variable:

y(ζ, η) = ζ + λη =
1

2

(
(λ+ 1)z − (λ− 1)t

)

y(ζ, η) =
1
√
λ

(ζ + λη) =
1

2
√
λ

(
(λ+ 1)z − i (λ− 1)ρ

)
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Dependence on two variables. "Travelling wave"variable

Writing the �eld equations as a system of ODEs in terms of the "travelling

wave"variable we obtain that all functions of the theory are expressed

through a single function χ(y) (and its derivatives):

ψ

α
∼ coshχ(y)

ω ∼ ω0 + tanhχ(y), FR ∼
1

αχ,y

The function (lnα), y satis�es the Abel equation of the 2 kind:

(lnα), y y

(
(lnα), y +

χ, yy

χ, y

)
=
χ, yyy

2χ, yy
((lnα), y)

2 +
(χ, yy

χ, y

)2
(lnα), y +

1

3

(χ,yyyy

χ,y
−

3χ,yyyχ,yy

(χ,y)2
+

4(χ,yy)3

(χ,y)3
−

(χ,yyy)2

χ,yχ,yy
+
χ,yyy(χ,y)2

2χ, yy
− χ,yyχ,y

)
which can be solved exactly
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Dependence on two variables. Ansatz χ, y = χ, y(R)

Solution of Abel's equation:

(
ln(αχ, y)

)
, y

=
1
√
3

[2χ, yyy

χ, y
−

(χ, yy

χ, y

)2 − (χ, y)
2
] 1

2

Metric coe�cient f :

f ∼ α

By choosing a di�erent form of the function χ(y) all variables of the model can be

exactly expressed as functions:

gab = gab(y), f = f(y), R = R(y), F = F (y)

Our goal is to obtain F = F (R)

Ansatz:

χ, y = χ, y(R)
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Dependence on two variables. Resulting equations

Combination of equations leads to:

χ, y

((χ, y), R)2
e
3
∫ χ, y

(χ, y), R

(
FRR
FR

)2
dR (∫

(χ, y)
2 (χ, y), R e

−3
∫ χ, y

(χ, y), R

(
FRR
FR

)2
dR
dR+ p0

)
=

=
1

N2

(2φ0f0

λ

∫
RNdR

FR(χ, y)2
+N0

)
where N(R) = − 2(χ, y)R

(χ, y)2
− 3(lnFR)R

χ, y

Choosing a dependency FR = FR(χ, y) (or χ, y = χ, y(FR)) we obtain

FR = FR(R) and restore F (R) =
∫
FRdR+ F0

Coordinate dependency y(R):

y + y0 =

±
∫

dR√
χ,y

((χ,y),R)2
e
3
∫ χ,y

(χ,y),R

(
FRR
FR

)2
dR( ∫

(χ,y)2(χ, y),Re
−3

∫ χ,y
(χ,y),R

(
FRR
FR

)2
dR
dR+ p0

)
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Dependence on two variables. Example

Consider χ, y = χ, y(FR) as:

χ, y ∼ (FR)k

Then

F (R) ∼ R
2k+3
k+3

y + y0 ∼ R
k2−3
2(k+3)

2F1

(1
2
,
k2 − 3

6k2 − 6
;
7k2 − 9

6k2 − 6
; C0R

3k2−3
k+3

)

χ(R) ∼ sinh−1
(
C0 R

3k2−3
2(k+3)

)
+ χ0

and all metric functions will depend on R
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Dependence on two variables. Example

For some values of k one can express R = R(y) explicitly
Let

F (R) ∼ Rn, n =
1∓

√
3

2

Then the metric interval:

ds2 = −4f dζdη −
ω0

Ψ0
w

2n−1
3(n−1) cosh

(
Υ
)
(dx1)2 −

− 2w
2n−1

3(n−1) cosh
(
Υ
) (

tanh
(
Υ
)
+
ω̃0ω0

Ψ0

)
dx1dx2

−
Ψ0

ω0
w

2n−1
3(n−1)

[
cosh

(
Υ
)(

tanh
(
Υ
)
+
ω̃0ω0

Ψ0

)2
+ σα cosh−1

(
Υ
)]

(dx2)2

and

f ∼ sinh
1∓ 1√

3 (
√
C0y + y0), w ∼ R

3(n−1)2

n−2

R ∼ sinh
−1± 1√

3 (
√
C0y + y0), Υ ∼

√
2 ln

∣∣∣ tanh √
C0y + y0

2

∣∣∣+ φ̃0
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