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Introduction

@ Particle production on a plane wave background ® cos(wt — kx)
e Massless or light plane wave
e Parametric resonance

A.Arza. PRD 105 (2022) 3, 036004 (2009.03870)
e Particle produuction in condensate ®q cos(myt)
o Preheating stage after inflation
e Enhance of parametric resonance
o It is well studied in the context of the Mathieu equation
Kofman, Linde, Starobinskiy 94, 97 (hep-th/9405187,hep-ph/9704452)
Khlebnikov, Tkachev 96 (hep-ph/9608458)
Duffaeux et al 06 (hep-ph/0602144)

@ Comparison of two approaches: a low-mass plane wave transforms into
a condensate using a boost

@ Parametric resonance for scalar electrons
Heinzl, llderton, King PRD 94, 065039 (2016).
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The model gox?

@ Lagrangian
1 1 2 2
L= *( u@b) ( MX) - *mqsﬁb g¢X ,
o Classic wave ¢ in the initial state, ¢(x,t) = CDo cos(px — wt)
o Production through perturbation theory only for my > 2m,,
o Non-perturbative production x particles even if my < 2m, for large
amplitude ®g

The exact solution of the Heisenberg equation for x amplitude
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Heisenberg equation. Plane wave
Equations of motion,

O+ mé )¢ = —gx?, « neglected in early times
(O + m})x = —2g6x.

The Fourier transform for x

Y= / Pk 1 (Xﬂ(t)ei/?.x* 1 Xﬂ(t)Te_”;’?)
(2m)3 /20 \ 7K k ’
where Q; = \/k2 + m2 and [z xpl = 0, [xp xtp] = (2m)363(k — K').

Bogolyubov transformations A; = x + XT_;:' equation in the terms A:

2 2 _ k o~ iwp
(8 +Q ) < Q_, t k+P )

_ g¢0 8 2/’0
2 w3 .

P P

where o =
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Plane wave. Low-mass approximation

Xk = a(t)e "t Looking for resonance in ay
—iQut s mrya)y .t i(Qy_p—wp)t
e " (ap — 2iQpap) = 5 k35 pe )
RWA 3 — 0 ,
—2iQpap = oral. ﬁe'(Q?JrQﬁfk“*“’ﬁ)t,
5

_ p¢/2 _ 2 Qe
where o) = g’/iuﬂﬂkfzp_k' Op—k = —Woay /gt

Resonance solution ag(t) =
) —

iept/2 af :
et/ (aE(O)(cosh(SE 25 £ sinh(spt ))+/ . E a, E(O) smh(s;t)),
o’ .
where sp = 31/ f2* — G M =6 =t Qy powp
7
d < Qpak — a<lukl

Bound: a > 2 /2 - instability
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Solution without approximation. p 2 1

We do not neglect 3

The ansatz: ag(t) = e'5-t/? [a; (0) (cosh(sﬁilzt) —iG sinh(sﬁflzt)) -

p—k

al ﬁ(O)./Césh1h(sﬁ_;t)]

The commutation relation — C2-C%2=-1
The solution

o = 12 /2— the boundary of instability a, u
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The boundary of instability. Dependence (1)

0.1}

,_.
-
S

01

1 /8. -
R = 4\/%4'{(@5 + By—i — 1)2(=3Bz + By—z — 1)%,

for k =p/2 a=p?/2; p>1 —  a=pu%/2 forany k
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The condensate. Mathieu equation
Equation of motion

Xk + (k2 + mi + 2g® cos(myt)) xx =0
Mathieu equation

X5+ (Ax +2q cos(22)) xx = 0,

where ) )
ke 4+ m )
Ag=a— X g=487
m2 m2

¢ ¢
Narrow resonance q < 1
Broad resonance g > 1

dw

== > W2

dt ™~

The tachionic instability: broad resonance area + A, < 2g
K. Losanov. Reheating after inflation. 2020
Kofman, Linde, Starobinskiy 97 (hep-ph/9704452)
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The resonance solutions

| xk|

| xk|

60 -

40+

Upper line: Narrow resonance Ax = 1, g = 0.1. Broad resonance Ax = 100, g = 50.
Lower line: N = 2 resonance band, Ax = 4, g = 1. Tachionic resonance Ay, =1, g = 1.5.
Tachyonic unstable area, Ay =3, g =2
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Mathieu instability diagram
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Grey area - stability region. Blue solid line - instability bound for condensate, was
obtained from Heisenberg equation. Black dashed line - A, = 2gq.

Ekaterina Dmitrieva, Petr Satunin (INR [Tachyonic and parametric resonances for 4.07.2025 10/16



Comprasion of two approaches. Plane wave

We turn to the consideration of a low-mass plane wave ¢ instead of a
massless one

The case k = p/2 = a = u?/2

In the terms of Mathieu equation

4(/<2 + m>2<)

4g¢
_ 2 _ _
5 =40, 9= —5 =4«

Ak: P )

w
w? =p?+m?
Then we make a boost and move to a condensate with p = 0 and low mass
mg < my. Then

a:'u2/2 — Ak:2q
Interpretation through particles is

N¢ — 2y, where N - the number of the peak
Our ansatz only for the first peak
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Solution for condensate through Heisenberg equation. p = 0

e fht [ék — 2iQpax + 2aw? cos(m(/)t)ak} +

4/t [aik +2iQa" , + 200 Cos(m‘bt)aik] =0
The solution

a(t) = e'xt/? (ak(O) (cosh(st) — iez/4 — 5" — e sinh(st)) -

S(2Qk — Ek)

2
ot aw .
la’k75(2§2k ) smh(st)),
rae

2
s = \/Qtz((2Qk — Ek)2 + a2m‘}¢ — Qk(2Qk — Ek) — %

In the terms of the Mathieu equation for s? = 0:

q = |Ak - 1‘7
I<2+m2 103
where Ay = 4—5X | qg=4%&;7.
m m
¢ ¢
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Scalar QED and Mathieu equation (work in progress)

The Klein-Gordon equation for scalar QED
(O + 2ieA"d, — A% + m*) =0

, (p-k

b= P F(3). () = w(Qexpli( 7)o,
where k = (,0,0, nw) and p = (\/(%)2 + 2 + pi + P2, p1, po'%’)
Mathieu equation ‘ZfT"QV + (Ak —2q cos(2¢))w = 0,

nw ZW 2
., 4 <(¢(2)2+m2+p%+p§—”2) e253>
k - )

- w?(1 — n?) 1—n? w?

4eky 2 211/2
q_‘w3(1fn2)‘(pl+p2) ’
where e—charge, Eg—amplitude of electromagnetic field. We are consider

circularly polarized monochromatic wave. The medium with refractive index n < 1
(Millar et al. PRD 107, 055013(2023), Lapine et al. PRB 87, 024408 (2013))
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Stability diagram for Mathieu equation

instability

Boundary condition:
Narrow resonance g = |Ax — 1|, first peak, blue solid line
Broad resonance Ay = 2q, black dashed line
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Conclusion

@ In the case of a large mass, a high energy density is required. Its

threshold value:

4,2
mxw

2g2

@ For a massless plane wave, for the case of k = p/2, after the boost,
we see that the instability boundary for solving the Heisenberg
equation and for solving the Mathieu equation coincide, with the
exception of peaks.

Py =

@ For a plane massless wave, there will be only 1 line of instability, since,
based on the interpretation of particles (N¢ — 2x), two massless
waves will not interact with each other.

@ When solving the Heisenberg equation for condensate, the parameters
can be selected so that the solution is within the range of the broad
resonance of the Mathieu equation.

@ For scalar electrons we can find a resonantly growing solution if we
reduce the Klein-Gordon equation to the Mathieu equation
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Thank you for your attention!
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