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Renormalization.

Perturbation

S = 1 +
∞∑

n=1

Sn, Sn ∼
∫ n∏

i=1

d4xi : φr :
( n∏

i=1

G (xi )
)

: φt :

The general idea of renormalization.
1-step: Momentum space representation

G (x − y)⇒ 1
(2π)4

∫
d4k exp(−ik(x − y))G (k)

2-step: Regularization of Feynman diagrams.
Redefinition of the integral and making it finite.

D(k) =
1

k2 −m2 ⇒ D(k)reg =
1

k2 −m2 +
N∑

i=1

ci

k2 −M2
i

3-step: Substraction procedure
4-step: Renormalization
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Renormalization without Regularization

BPHZ-method
N.N.Bogolubov, O.S.Parasiuk , Acta. Math. (1957), v. 97, p.227
K.Hepp, Commun. Math. Phys. (1966), v.2, p. 301
W.Zimmermann,Commun. Math. Phys. (1969), v.15, p. 208
New ideas
F.A.Lunev, Phys.Rev. (1994), D50, p. 6589
F.A.Lunev, Phys.Rev. (1994), D50, p. 7735

G (x ,m) =
1

(2π)4

∫
d4p

exp(−ipx)

p2 + m2 ⇒ G (x , y) =
1

4π3
1

(x2 + y2)2

So (
2x + 2y

)
Ĝ (x , y) = −δ(4)(x)δ(2)(y)

where
2 ≡ ∂2

and
Ĝ (x , y) is defined the renormalized Feynmann amplitude
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Differential Renormalization

D.Z.Freedman, K.Jonson, J.I.Latorre, Nucl.Phys. (1992), B371, p. 353
Differential regularization and renormalization: a new method of calculation
in quantum field theory

D2(x) ∼ 1
(x2)2 = −1

4
2
lnΛ2x2

x2 , x 6= 0

This is the result

D(x) =
1

(2π)4

∫
d4p

exp(−ipx)

p2 + iε
∼ 1

x2

O.I.Zavialov, V.A.Smirnov, T. M. Phys. (1993), v.96, p. 287 (in russian)
V.A.Smirnov, Nucl. Phys. (1994), B427, p.325

R 1
(x2)2 = −1

4
2
lnΛ2x2

x2

and x is any
Improwed versions of DR: V.A.Smirnov, O.I.Zavialov, P.E.Haagensen, J.I.Latorre
and others (1995-2010)
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Techniques for loop calculations in DR

J. Math. Phys (1997) v. 38, p. 738; Nucl. Phys, B537, p. 561 (1999);
arXiv:hep-th/0605116v2 (2007); arXiv:hep-th/0706.1210v1(2007)

G (x) =
1
4π

1
x2[ 1

(x2)2

]
R

= −1
4
2

( ln(x2M2)

x2

)
,
[ 1
x6

]
R

= − 1
32

22
ln(x2M2

1 )

x2

1
(x2)2 =

4
x2

d

dx2

(
(x2)2 dG

dx2

)
(∗)

The general validity of the propagator equation[
Φ(x , x1, ...xn)(2x −m2)∆m(x)

]
R

=
[
Φ(x , x1, ...xn)(−δ(x))

]
R
,

∆m(x) =

√
m2

y2 K1
(√

m2y2
)
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Quantum Field Theories in Curved Space-Time

gµν(x) 6= ηµν ≡ diag
{
−1, 1, 1, 1

}
∂α → ∇α = ∂α + ΓαabI

ab

Equations
for scalar field

∇ν∇νϕ+
(
m2 + ξR(x)

)
ϕ = 0

for spinor field
(γα∇α + m)ψ = 0

for vector field

∇νF νµ = 0, Fµν = ∇µAν −∇νAµ

We consider only scalar field theory with

Lint =
√
−g λ

4!
ϕ4
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Simple results λϕ4

L =
1
2
[
ηµν∂µϕ∂νϕ−

(
Z(2)m

2)ϕ2]− λZ(4)ϕ
4

m

L =
1
2
√
−g
[
gµν∇µϕ∇νϕ−

(
Z(2)m

2 + Z(3)ξR
)
ϕ2]−

−
√
−gλZ(4)ϕ

4

Where

ϕ = Z(1)ϕ̂, Z(i) = 1 +
∞∑

r=1

Z r
(i)λ

r
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Loops

Figure: Caption for this figure with two images
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Analitical Expressions

(a)→ −3λ2
∫

d4xd4x ′
√

g(x)g(x ′)G (v , x)G (v ′, x)G 2(x , x ′)G (x , z)G (z ′x ′)

(c)→ −9λ2
∫

d4xd4x ′
√
g(x)g(x ′)G (x , x ′)G 2(x , x ′)G (x ′, x ′)G (x , z)

(d)→ 54λ2
∫

d4xd4x ′
√
g(x)g(x ′)

[
Z

(1)
2 m2+

+Z
(1)
3 ξR(x ′)

]
G (v , x)G 2(x , x ′)G (x , z)

and so on.
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Ideas

Comellas J.,Haagensen E., Latorre J.I., Int.J. Mod.Phys A, v. 10, n. 19, p.
2819 (1995)

1
(x2)2 =

4
x2

d

dx2

(
(x2)2 dG

dx2

)
⇓

G 2(x) = − 1
16π2

(
∇ν∇ν − α2(g ,R, ....)

)(
G (x) ln

g(x)

M2

)
⇓

(a) Hyperboloid Hn ⊂ E(n+1)
(b) Sphere Sn ⊂ E(n+1)
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Riemann Normal Coordinates

Bunch T.S, Parker L., Phys. Rev. D20, n. 10,(1979), pp.2499(
−∇ν∇ν + m2 + ξR(x)

)
G (x , x ′) =

1√
−g(x)

δ(x − x ′) (1)

Introducing normal coordinates yµ =
(
x − x ′

)µ one has

gµν = ηµν −
1
3
R̊µανβy

αyβ − 1
6
(
∇β∇γR̊µανβ

)
yαyβyγ + · · · (2)

g(x) = det |gµν |, ∇µ = ∂µ + Γ̊αβµy
αyβ + · · ·, (3)

Where
Φ̊µανβ..... ≡ Φµανβ.....(y = 0)
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1. Momentum space representation of propagator in curved
space-time

G (x , x ′) =
(
g(x)

)− 1
4 Ĝ (x , x ′)

So
Ĝ (x , x ′) ≡ Ĝ (y) =

1
(2π)4

∫
d4k exp(−iky)Ĝ (k)

Using (1) - (3) and representation

1
(2π)4

∫
d4k exp(−iky)

1
k2 + m2 =

√
m2

y2 K1
(√

m2y2
)

where√
m2

y2 K1
(√

m2y2
)

=
1
y2 +

m2

4

∞∑
n=0

(m2y2/4)n

n!(n + 1)!

[
ln
(m2y2

4

)
−Ψ(n + 2)−

−Ψ(n + 1)
]
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2. Momentum space representation of propagator in curved
space-time

Ĝ (k) =
1

k2 + m2 +
(1
6
− ξ
)
R̊

1(
k2 + m2

)2 +

+i
(1
6
− ξ
)
R̊,α

1
k2 + m2

∂

∂kα
1

k2 + m2 +

+
(1
6
− ξ
)2

R̊2 1(
k2 + m2

)3 + Åαβ 1
k2 + m2

∂

∂kα
∂

∂kβ
1

k2 + m2 + · · ·

where

Åαβ =
1
2
(
ξ − 1

6
)
∇α∇βR̊ +

1
120
∇α∇βR̊ −

1
40
∇ν∇νR̊αβ+

− 1
60

R̊σατβR̊
στ − 1

60
R̊σµναR̊σµνβ
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3. Coordinate space representation of the Feynman
propagator in curved space-time

So
Ĝ (y) = K1(m, y) +

(1
6
− ξ
)
R̊
(
− ∂

∂m2

)
K1(m, y)+

+
(1
6
− ξ
)
R̊,α
( ∂

∂m2

)2 ∂

∂yα
K1(m, y)+

+
{(1

6
− ξ
)2

R̊2 − 2Aαα
}( ∂

∂m2

)2
K1(m, y)+

+4Åαβ
( ∂

∂m2

)2 ∂

∂yα
∂

∂yβ
K1(m, y) + ··

where

K1(m, y) =

√
m2

y2 K1
(√

m2y2
)
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Coordinate representation of the Feynman propagator in
curved space-time

Ĝ (y) =
∞∑
αi=0

∞∑
n=0

A(n)
α1....αi

Dα1....αi

(n) K1(m, y)

Dα1....αi

(n) =
(
−1
)n

l∏
j=1

(
−i ∂

∂yαj

)( ∂

∂m2

)n

where

αi = 0, n = 0→ A0
0 = 1; αi = 0, n = 1→ A0

1 =
(1
6
− ξ
)
R

and so on.
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Natural Renormalization

∆(y) = K1(m, y) =
1
y2 −m2

∫
d4x1

1
(y − y1)2

1
y2
1

+

+(−m2)2
∫ ∫

dy4
1dy

4
2

1
(y − y1)2

1
(y1 − y2)2

1
y2
2

+ · · ·

So

∆diff .ren(y) =
1
y2 +

m2

4

∞∑
n=0

(m2y2/4)n

n!(n + 1)!

[
ln
(Λ2

ny
2

4

)
− 2C

]
Denoting

K(dr)
1 (y) ≡ ∆diff .ren(y)

Ĝ(dr)(y) =
∞∑
αi=0

∞∑
n=0

A(n)
α1....αi

Dα1....αi

(n) K(dr)
1 (m, y)
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n-Loops

n − loops ∼
(
G (y)

)n
∼
∫ ∫

....

∫ √
g(x1)....g(xl )

(
Ĝ(dr)(y)

)n

≡
( ∞∑
αi=0

∞∑
n=0

A(n)
α1....αi

Dα1....αi

(n) K1(m, y)
)n

⇓{ 1
y2 +

m2

4

∞∑
n=0

(m2y2/4)n

n!(n + 1)!

[
ln
(Λ2

ny
2

4

)
− 2C

]}n

⇓

≡
∞∑

s=0

as,(n−s)

(
R̊, R̊,α, R̊,αγ.., R̊

l
)( 1

y2

)s
2(n−s) ln

(y2

Λ2
s

)
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THANK YOU ON THE
ATTENTION!
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