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Wigner-Bargmann (1939, 1948) classification (1939, 1948) of UIRs ISO(1,d — 1) is
characterized by [(d + 1)/2] Casimirs; A. Isaev (2023-2024)

1. P2=m? W? = —m?s(s + 1) - massive Unitary irrep (UIR) with (half)integer spin;
2a. P2 =0,W? =0, W* = AP* - massless helicity UIR;

2b. P2 =0,W? = 1? - massless continuous spin UIR;
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Interacting vertices (B,B,B), (B,B,B,B) and (F,F,B), (F,F,B, B),

(F,F,F,F) in SM

Cubsic vertices in SM for lower spins (m = (#)0): (1,1,1), (0,0,1), ($,3.,0), (3.5.1)

SSM = /d4$ ESM s [«SM = L"gauge fields 1 Eleptons + Equarks + Lvukawa + ['Higgs 5 (1)

3
Eleptons = Z |:[Il€,27u (8 — i AaTa + 1= 9 A/J,) l]Z + E‘:{Z’YH (a’u + ig/A#) l%] N
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quarks £ ;C . W 9 “ria o tula 6 d;c B
+ @it {a 72 S AN, '%QIAH] uly + d i {B‘L*i%Aﬁ)\gJﬂ%{Au] d@ég} |
d* = Ukkad® uk =(u,c,t), d*=(ds,b),

The masses of particles are generated by the Yukawa interaction term
3

1 LT " _
LYukawa = _TZ{JC}C [ Zﬁc :| QDUR+f]g |: djg :| tpd%—&-f;illf‘(pl;—l—hc} N
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Cubic interacting vertex

Known results on cubic vertices

@ metric formalism F. Berends, J. Van Reisen, NPB164 (1980), Berends, G. Burgers,
H Van Dam, Nucl. Phys. B271 (1986); A. K. H. Bengtsson, |. Bengtsson, L. Brink,
NPB (1983), E.S. Fradkin, M.A. Vasiliev, NPB 291 (1987), R. Manvelyan,

K. Mkrtchyan, W. Ruhl, PLB 696 (2011), [arXiv:1009.1054 [hep-th]], E. Joung,
M. Taronna, NPB 861 (2012) 145, arXiv:1110.5918[hep-th], I. Buchbinder,
V. Krykhtin, M. Tsulaia, Cubic Vertices for N' =1, NPB 967 (2021);

A. Reshetnyak (Tomsk) mixed-antisymmetric HS fields QFTHEP’270, Moscow 4/25



Cubic interacting vertex

Known results on cubic vertices

@ metric formalism F. Berends, J. Van Reisen, NPB164 (1980), Berends, G. Burgers,
H Van Dam, Nucl. Phys. B271 (1986); A. K. H. Bengtsson, |. Bengtsson, L. Brink,
NPB (1983), E.S. Fradkin, M.A. Vasiliev, NPB 291 (1987), R. Manvelyan,
K. Mkrtchyan, W. Ruhl, PLB 696 (2011), [arXiv:1009.1054 [hep-th]], E. Joung,
M. Taronna, NPB 861 (2012) 145, arXiv:1110.5918[hep-th], I. Buchbinder,
V. Krykhtin, M. Tsulaia, Cubic Vertices for N' =1, NPB 967 (2021);

@ (half)integer spin for I.SO(1,d — 1) in the light-cone R.R. Metsaev, NPB 759
(2006) hep-th/0512342; 4d [arXiv:2206.13268[hep-th]]; NPB 859 (2012) ;

@ within (with algebraic constraints, cov.) BRST approach with incomplete BRST
operator (or constrained BRST approach) for integer spins -R.R. Metsaev, (2013);
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@ (half)integer spin for I.SO(1,d — 1) in the light-cone R.R. Metsaev, NPB 759
(2006) hep-th/0512342; 4d [arXiv:2206.13268[hep-th]]; NPB 859 (2012) ;

@ within (with algebraic constraints, cov.) BRST approach with incomplete BRST
operator (or constrained BRST approach) for integer spins -R.R. Metsaev, (2013);

@ in BRST approach with (in)complete BRST operator for irreps ISO(1,d — 1)
bosonic fields by I.Buchbinder, A.R. (2021-2023) ;

@ in frame-like approach M. Vasiliev, Cubic Vertices for Symmetric higher spin
Gauge Fields in (A)dSa, NPB 862 (2012) 341 , arXiv:1108.5921[hep-th]
arXiv:2208.02004, M. Khabarov, Yu. Zinoviev. JHEP 02 (2021);

@ LF & (Non)Covariant Cubic vertex for irrep MAS integer HS fields
®,1(5,,....uk[s,) MOt found (in BRST approach with (in)complete Q(.y) FOR k > 2
, k = 1: I.Buchbinder,V. Krykhtin (2009), Yu. Zinoviev;

k = 2 (X.Bekaert, Boulanger 2004, 2005), Yu. Zinoviev, 2016 , A.R. 2016
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@ BRST approach with complete BRST operator @ for irreducible free
integer MAS HS fields on R4~ 1
@ additive conversion of operator 2=nd class constraints: Verma and
Fock modules;
© BRST complex with spin condition and Lagrangians;
@ BRST approach with incomplete BRST operator Q). for irreducible
free integer and half-integer higher spins on R14—1:
© Generating equations for superalgebra of incomplete operators: Q..
spin 0. and operators L;;, Tys;
@ Gl Lagrangian formulation with holonomic contraints;

@ Deformation procedure with Q. for interacting higher-spin fields;

@ General solution of BRST equations for cubic vertices for constrained
of helicities (s[k1], s[k2], s[k3]) HS fields
© BRST-closed linear on oscillators operator L(?);
@ BRST-closed cubic on oscillators operators Z = Zi11;

@ Summary

. Reshetnyak (Tomsk) mixed-antisymmetric HS fields QFTHEP’270, Moscow 5/25



BRST approach with incomplete BRST operator Q).

due to tensionless limit : = for string BRST operator Q (d = 26, 10) for
(o/ — 00): (G.Bonelli (2003), A. Sagnotti, M. Tsulaia, (2004)) now (Vd).
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QA)OO

=—=Q — (. :{oojmany HS fields ¢,(x),.., Py (7) in string spectra
In BRST-BFV approach with incomplete Q. (S. Ouvry, J. Stern, A. Bengtsson,, G.
Barnich, M.Grigoriev, A.Semikhatov 2004, A.R. 2018)

instead of direct problem for generalized canonical quantization of Constrained DS by
the aim inverse problem - is an construction of Gl LF for HS fields with (m, s)

irrep conditions Eid (super)algebra{or(z)} = {p*—m%;a Iup , QipD"; 0a, 0, }
ISO(1.d-1), (SO(2,d-1)) {or(x)} : H, [or,05} = fry(0)ok
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BFV
I.B.,E.Fradkin, G.V., M.Henneaux

BRST operator {or}:Q.(x)
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ISO(1,d-1), (SO(2,d-1)) {or(z)} : H, [01,0,/}—fu( )0k

BFV
I.B.,E.Fradkin, G.V., M.Henneaux

BRST operator {or}:Q.(x)
Q. = C’AOA + %CACBFEB’]DD(,DE(OA)+€(<71_>)
Q: =0, [Qc,0c} =[Qc, Oa} =0, [Oa,0c} ~ O
N mass-shell : Qc|xc) = 0,gh(|xc)) =0 = action: S. = [ dno(xc|Qc|xe)
spin: (go + more)([xe), IAch, ) = (s — /2 + ) (1x), [AY, )
gauge symmetry: 0|x.) = Qc|Ac),5|Al) = Qc|AL), ..., constr: Ou(|x),|A),...) =0
Q. - for 1-st class constraints without holonomic ones with auxiliary fields on 2 stage
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Approach with complete BRST operator () for free MAS HS fields

A. Pashnev, M. Tsulaia (1998-2004), C. Burdik, I. Buchbinder, V. Rrykhtin, A.R.,
Takata, A. Isaev, S. Fedoruk (continuous spin in d = 4) In BRST-BFV approach with
complete @ again instead of direct problem for generalized canonical quantization (BFV
1977-1983) of Constrained DS by the aim inverse problem - is an construction of GI LF
for HS field with (m, s)

i}

Irreps conditions il (Super)algebra{o;(z)} : H
1SO(1,d-1), SO(2,d-1)[ "|[o1, 05} = fE (0)or + Aus(g0)
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= BRST operator for {Or}:Q’(x)

Hennea -
enneaux Q/ _ CIOI + %CICJF[}?]/PK(—1)€<OI>+:<0K> &+ more

Q =Q+ (g6 + h" + more)Ci + ... : Q7 =0= Q> =2B(g} + h’ + more)

wr, [mass-shell : Q|x) = 0,gh(|x)) = 0 = action: S = [dno(x|KQ|x) = @, p° @}
H . .

spin: (go + Inore)(|x>7 |A>/ ) = 7h(|x>7 |A>/ )

gauge transfs:d|y) = Q|A),5|A) = Q|AY), ...

with auxiliary fields on 2,3 stages. It is the particular case of AKSZ model (1997).
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Derivation of HS symmetry algebra A(Y[k], R4~ 1)

The m of g. spin s = [31,..., 5] = s[k] ISO(1,d — 1) group irrep with Young T.
Y31, ..., 8k]

pi | [ “I}:il “Z
py | s [ e b
;ldk ;;ik : Mk’.;;: 11 [
Mop+1 | Hsp+1 | | Moyt
(b/il[sl]r“vl»"k[sk] 1' 2' k' . ’
/Lsk,l :usk,l ) Hsk,l
M§2+1
(0“0,1,4-777,2)@#1[8'] ~~~~~ phlsp] = ’Hil
, — Ak _ 1 ) - .
(D) 15y =501tk ls—bia] = O Pptfay) i) = 05 1<l Ssiy i =1k,
i _oubowd . .
(TI‘ j(l))ul [51]_’____“},»[51‘:] =1 S (l)ﬂl[vﬂ]:----,llkfﬂh] = 0, 1 S 1< J S k‘,
) . —
(¥ (1’)11lm,..mnm,...,ﬂfjw g — 1]yt ls] = O
Aim to find LF for given HS field on M,:
S<C)5[k] : M<C) = {(Qpl[sl] ..... uklsp]s \Ij,u,l[slfl] ..... uklspls - )} — Rv

QFTHEP’270, Moscow 8/25
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Primary constraints, All constraints, sp(2k), A(Y [k], R}4-1)

SFT = H:{a,a)"} = —nudé", diagnu = (+,—, .., —)
An arbitrary ”string—like"vector |®) € H
[d/2] sq Sk—1 ks y
]) 15p A_HI"L'/L
=X > > o o), ittony [ [T 010D,
s1=0s2=0 sEp=0 i=11;=1
[(lo, U, 19, ¢7)|®) = (0" 0u+m?, —ia, 0", La,a"", a4, a*)|®) = 0] < (4).

T

The set of (k+ 1)* even and k odd, I, primary constraints permits to realize <
Egs. as constraints on |®) for each s[k]
Egs. with number particles operators, g,

@ d @ 1 A1 A Al At d
g[)‘(p> - (SI - §)|(D> go = _é[a;faal } - —aja‘ - 57
extract irrep with given s[k]
Construction is differed from LF with (in)complete BRST operator for MS

HS field © 15,y . u#(s,) (I.Buchbinder, A.R. NPB 2012)
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All constraints, sp(2k), A(Y[k],Rb4-1)

{o1} = {0a,0%; 10,90} = {0a, 08 lo, I', I'T; gb}.
/2]

[ S1 Sk—1 Z s
_ d (_1) - si],., ik
(W]®) = /d 2 Y > ool Uitfsi)eatlon] (D2 (1]t

81! ..
$1=0s2=0 sp=0

1 L
lo= 0%, U = Sahat IF = a0, £ = o et 07 = 1(0),5 > (<)
which form together with (li, lij,tij,gé) integer HS symmetry

superalgebra A(Y[k], RV=1) wrt. [, }.

Howe duality

Subalgebra Lie of operators Sj,) = HERZNS l;;,t;; - sp(2k).
For m = 0 the only oy from upper and lower triangular subalgebras in S}
compose an invertible matrix: ||[0a, ob]| = [[Aab(g) ] + (01),

for m # 0 its number 2k(k—1) increases on 2k items %, [;"
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additive conversion of operator 2=nd class constraints: Verma and

Fock modules

To convert A(Y (k), R»*~1) with 2nd operator C.C. we have used the general procedure
of additive conversion

or — Or = oy + 0} : [or,0;] =0, so that [O;,0,] ~ Ok, oy : H — H'; HnH =

= if [or,05) = fi50K, then [0}, 0] = f{50} & [Or,0,] = f150K .

But, it's sufficient to convert only subalgebra Sy for {0a, 07, g }-

So that the algebra of O is the same A.(Y[k],R¥*71) = A(Y[k],RV*71) as for oy,
but for O,I - S[k].
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Verma module for S

Cartan decomposition

sw={1* e g e {1} zg omeogt

Requirement: boundary conditions for o} from Cartan subalgebra:
90— g5 (W) = h' + ..,

So that, following the result by C.Burdik 1985 we start with highest weight vector |0)v
& construct following Poincare—Birkhoff-Witt theorem

V(Si) = U(E) @ (10)v) - EL10)v =0, g510)v = 1[0}y,

~Z
to find {07} = {07 (bij, b, fi, £, din. df)}, i, 4, n =1, . ki < Gl <n:
(b5, frs il s din, )] = [0a, 04 ]: we use results
C. Burdik, O. Navratil, A. Pashnev, for A} (Y (1), AdSy) ;
A. Kuleshov, A. R. arXiv:0905.2705 for A’ (Y (1), AdSqa);

[.Buchbinder, A.R. NPB 2012 arXiv:1110.5044 for sp(2k);
A.R. arXiv:1604.00620 for A’(Y[2], R4~ 1)
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Verma module for S

Explicit obtaining of the V/(Sj;)) meet the technical obstacle because of not commuting
of t;, 1’7 with each other £, . The general V(Sp;) vector

-
|7Lij~,prs>V = |7L12,-~~,”1k~~,”237~-~,7l2k7~~~7"Lk:k:+1§p12~,~~-~,p1k,P23,~-~,P2k,-~~,pk—1k>v ,

[T, (55)" TIn s (BP0} v,

¥y = (zn Y e Y et w) N

|7_7:ij7ﬁrs>v = |]\7>V

1<i 1> s>1 r<i
r—1 r’—1
ANy = [N 4 sy = D prons sl = D Mg X
k=1 k=1
s'—1
X ‘N — ket ij + Onrsr i) v+ Z N |N — Ot ij + Onrsr ij) v — Z Ty !
K/ =r'+1 K'=s'41

X ‘N — Ot ij + Osiir i)V
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Explicit construction of V(S))

l;f;/|]\7>v ’N—l—éu iV for (-) root vectors €&,

k times
n S n! n—k_ 1k k ! N
where AB :;mB adBAaadBA: [[[A7B}7]7B]7

To get the action of E% on |[N)y we get the recurrent relation

’
—1
/ ~ — U'm l ~ —
tl/m"oijapTS>V - ’Cprs v = E Pn/m! 0ij7pT8 - dn’m’,rs + 6n’l’,rs>V
n/

=1

Drs>
Ol] ) pq’t’> 5

+ Z D! |: H H (t;:/'—sl)prls/_al/k/”"/s/]tk/m/

k'=U'+1 r’ <l s'>r!lr'=l",m! >s" >r!
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Explicit construction of V(S))

The solution of the above Eq. exists, so that the explicit form of ¢},,.., action on the
vector |IV)y has the final form

-1

, -
i = — E Ntmt | N = Oprms ij + Okt ij) v (2
k=1
m’—1 k
+ E N/ m! N — dk’m/,ij + 6l/k’,ij>v - E N/ K’ N — 5m’k/,ij =+ 6l/k’,ij>v
K/ =1/ 41 k'=m/'+1

m/—1'—1 m/—1 m’'—1 D ;.
kpm >

+ D > o> TIew el |05
pk'j,lkj "ijaprs_z:?:l 619;. K A%

p=0 k=141 ki =l'+pj=1 —1%

k-1
E Pn/m/!

n’*’k’

n’LJ ) pTS E 6k’ 1k;,'rs - 5n’m’,r5 + 5n’k1’0,rs>V ) }

Analogously, the action of the rest E*i: I/, , on |N)y is determined with help of
the "basic-block"vector ’CIZI,T v

= V(Sp) is explicitly found!

m
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Making use of the mapping (C. Burdik, 1985)

k k
|Tig, Drs)v € [T, 7s) = H (b)) H (df,)P10) € H',
i,j>1 T,8,8>T

m#0
{fl7dj}: 5ij7 [blj’bltn] :5il6jm7 1 <jvk < la [d d+ } :57’17"2651527

T1581 ) ¥'ross

The polynomial oscillator realization for the V (S) over Heisenberg-Weyl
algebra Ay exists in the form

C(big, bk drsy > diys,)s C € Lt by Liir, 1190 3 (3)

7151 7 Y'ross Z/.j
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explicit form of basic block —

k m—1
c'mdt,d) = (hz_hm_ > (dfdin = dmn) = Y di _d;ndlm)dlm
n=m-1 n=Il+1
k m—1
+ > {df,mf! 3 d:,ndn,m}dln,
n=m+1 n’/=1+1
so that, f.i. for ¢,,:
m—l—1 kp—1
= > { Z Z { vt d) - Y d,k nm}Hko lk]
p=0 k1=i+1 kp=l+p n!— k’
_anlbnm+ Z bln nm Z bltzbmn7 k‘oEl,
n=Il+1 n=m-+1

. Thus, the additive conversion of o into the 1st class Oy is realized! (It completely
applicable for massive HS fields as well)
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Complete BRST operator for Lie algebra A(Y [k], R4 1)

The BRST operator Q' for Lie algebra A.(Y[k],R"4~1) by the standard rules of BFV-
method .

Q' = 01C" 4 SCTC7 i Prc(~1) 0O = 0 wmere (e,gh)@ = (1,1), (4)

¢ = (¢;9,m;¢7,97,nT), Pk - ghost coordinates and momenta with opposite
Grassmann parity to O; with following non-vanishing C.R.

{19T87 )\ZZ} = {Atuaﬁjs} = 6rt0su, [Qi,pj] = [pja qf] =dij,
{mm,P?}} ={Pij, it} = 01i6jm , {no, Po} =1, {ng, Pt} =1"; (5)

and gh(C’) = —gh(P;) = 1.
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Explicit form of Q'

Q= Qe D (ML + Ligns + b + 04T ) + > _Info'(G) +1BPE1(6)

i<j

with definite operators B* and with spin o?(G), complete traceless £;; and Young
constraints (and theirs h,c. ones)

Li]’

QK =KQ',

1
Lij + 2‘][119] i Z’ﬁzpppj + Zﬂ Pip — 219 Pip (7
p<j i<p i<p

1

{2 Xty = mind) + - mah ),
p>j r<j
= T+ (@pf +ap) + D 0N — D> WipAp; — Ips i) (8)
P>j P<j

+ Z NipP, 7,p Z nPJPZP + Z Mpsi P,

p>j i<p<j p<i

in Hiot = H® H' ® Hgndue to V(Sp) osc.realization in H’
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Unconstrained Lagrangian formulation

The obtaining of resulting LF takes standard character
As usual, we extract the spin operator from the Q':

= Q' =Q+ns(0’ +h') +B'Pg,
[Q,0:]=0,.
The same applies to a scalar physical and gauge vectors

[e%) 1 k k
o= S S e I e H e e T

{n}b:O {n}f:O 1<g,2,9=1 r<s,r,s=1 =1

k
| G

1<j,t,5=1 r<s,r,s=1

Xn,m Ty Mg TPy ; T g i Thg Top TV f 5 b T

IX°), IX7) € Heor ie. 0(|X°))/0n6 = 0: gh(Ix°), IX*)) = (0, =)

IX) = @) +[Pa), |¢A>{(b’ bt d,dt) =C =P =0} = 0 ¥ith |®) — basic HS f.

and with the use of the BFV-BRST EQUATION Q'[x") = 0 that determines the
physical states and a sequence of reducible gauge transformations,
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Unconstrained Lagrangian formulation

Qlx) =0, (0" +hi)lx) =0,  (s,9h) (IX)) = (ex, 0), (11)
3x) = QIx'), (@' +h)x") =0, (e.ghy) (X)) = (ex +1,-1), (12)
Sx') = QIx%), (@' +h)IX*) =0, (e.9hy) (IX*) = (ex, —2), (13)

I = Q) (@ )XY =0, (,9hy) (X)) = (x + 7 mod 2, -n).
(14)

the middle Eqs. determines the spectrum of spin values for [x) and gauge
pars. [x'), i =1,..,> ;s + 2k(k — 1), the corresponding proper
eigenvalue and eigenvectors,

; d—6+0,, .
(0" 4+ hi)|X) sk = (h»i + si — fo - 2Z> X)sie) = 0 <=

R = st 4 W, (for h{™ = hy(s:)) (15)

s; from basic |®): .
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Lagrangian formulation with complete BRST () operator

= The equations of motion and the sequence of reducible gauge
transformations for the field with given s = s[k]:

Qs IX*) 51 = 0,8x ) a1k = Quapre X' ) s X ) = 0,

1
== L: i — —1,
1=0,.., §i si+ Zk(k —1)

for |x°) = |x), and can be obtained from the LAGRANGIAN ACTION

Sisk = /dno 51 OC K Qe X)) 51> Kpgpe = K i gt 4 4O OGO
The corresponding LF of a bosonic field with a specific value of spin s subject to
Y (s1,...,8%) is an UNCONSTRAINED REDUCIBLE GAUGE THEORY OF
MAXIMALLY L = k(k + 1)-TH STAGE OF REDUCIBILITY

Corollary: the result contains as a particular case LF for bosonic HS
subject to Y[s1], Y[s1, s2] (Buchbinder, Krycktin, 2009, AR., 2016)

A. Reshetnyak (Tomsk) mixed-antisymmetric HS fields QFTHEP’270, Moscow 22 /25



Lagrangian formulation with incomplete BRST () operator

Corresponding incomplete BRST operator Q. = Q. + nFo? is easily derived from
complete Q' operator:

’ /
Qo = Qe pt) g Dbl —pico (16)

Q. nolo + ¢ li + @il +iqigi Po + 0 ol(9) = Qc+nial(g), (17)
where oe(9) = 90— a4 pi — aipi (18)

is incomplete spin operator. These operators as well as BRST-extended set of holonomic
constraints L;j, Trs, (??) are given on the incomplete Hilbert space H.:
He=H ® HJ7* The algebra of (oi(g),0.) is the same as one for (g ,04).:

[L»LJ,O'Z(Q)} = L'ij7 [T""S7O-C( )} - T'r"s( s1 rz) (19)
the constrained gauge invariant LF of (3", s; — 1) stage reducibility with the action
Sesik) for HS tensor field subject to Young tableaux Y[si1,.. ., s;] reads as,

Sepsr) (Xe) = /dno stk] (XelQelXe)sir] (20)
(5; Lij, frs)'Xi>s[k] = (Qc|Xi+ )sik0s, 505 0, 0) Zsz (21)

For 3", si = 0 (which corresponds to the scalar field) the LF appears by non-gauge one.
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Lagrangian formulation with incomplete BRST () operator

Theorem: The set of solutions, H,, ), for the equations (1)-(4)
extracting the Poincare group massless (m = 0) irreducibile representation
of spin [s1., ..., s in terms of tensor field, ® 115,71 [, is equivalent to
the solutions of the Lagrangian equations of motion, for [ = —1 in (21)

subject to the reducible gauge transformations (21) for [ =0, ..., , s; and
off-shell holonomic constraints:

Hosy = {191 (10, Lis L, oo 95— [si = 4/2])|@) =0} (22)
_ Ji0 i o d=2Y] o _
- {|Xc> |:Q(27 {UC S’L+2}:||Xc> _07
51X = Qe sl ™) =0
L } d—2
(Lij,Tm, {og — s+ T})Mc) - 0}, (23)
where, 1 =0,...,> . si;
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Conclusion

@ Lagrangian formulations within BRST approachs with complete and incomplete
BRST operators for irreducible free MAS HS field on Minkowski space R''¢~1
subject to Y[s1, ..., si] is firstly constructed both for massless and massive bosonic
field;

@ it is shown the equivalence of respective Lagrangian dynamics within both
approaches and its equivalence to solutions of Poincare group relations .

@ the cubic interaction consruction now in progress
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Thank you very much
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