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Introduction

The cosmological models with the Gauss-Bonnet term are motivated by
string theory 1.
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The Gauss-Bonnet term affects the dynamics in higher-dimensional
gravitational models 2
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e We study the cosmological dynamics of Einstein-Gauss-Bonnet gravity
models in a four-dimensional spatially flat FLRW metric. These models
are described by f (R,G) = f (R + pG) theory of gravity. They are
equivalent to models linear in the Ricci scalar R and in the Gauss-Bonnet
scalar G with one nonminimally coupled scalar field without kinetic term.
e We analyze the stability of the de Sitter solutions and construct the
phase space of the field equations to investigate the cosmological
evolution.

N. Dimakis, A. Giacomini, G. Leon, A. Paliathanasis, E. Pozdeeva and §. Vernov arXiv:2505.02663 4a/34



A generic model with the Gauss-Bonnet term and a single scalar field can
be described by the following Action Integral

5= [a*/=g |Uo)R - 80,000~ Vio) - F@)d] . (1)

where U(0), V(o), and F(o) are double differentiable functions of the
scalar field 0. The Gauss-Bonnet term is given by

G=R*—4R,,R" + R,yapR"*". (2)

At 3 =1, we get standard scalar field models, whereas the case of 3 =10
corresponds to f(R,G) models.

N. Dimakis, A. Giacomini, G. Leon, A. Paliathanasis, E. Pozdeeva and §. Vernov arXiv:2505.02663 5/34



f(R,G) models

o If the scalar field o has no kinetic term, 8 = 0, then varying (1) by o,
we obtain

U7O'R - F,o'g - \/,O'? (3)
where the commas denote derivatives with respect to the scalar field o,

A, = 9 for any function A(c). Using Eq. (3), one can eliminate o from

action (1) and get the corresponding (R, G) model.

N. Dimakis, A. Giacomini, G. Leon, A. Paliathanasis, E. Pozdeeva and §. Vernov arXiv:2505.02663 6/34



Examples

o If we choose
Ulo)=f,, F(oc)=0, V=of,—Tf, (4)

where (o) is a nonlinear double differential function, then Eq. (3) gives
o = R, and we obtain the f(R) gravity model with

Sy = / d*xV=g f(R). (5)

The phase-space analysis of this type of models has been presented in L.
JEarv and D. Kraiko, (2025), arXiv:2503.07544 [gr-qc].
e The choice of

Ulo)=Uy, F(o)= —fo, V=0f,—T, (6)

where Up is a constant, gives us o = G as a solution of Eq. (3). So,
action (1) transforms to

Sg = / d* /=g [UoR + F(O)]. 7)

The phase-space analysis of such type of models has been made in G.
Papagiannopoulos, O. Luongo, G. Leon, and A. Paliathanasis, (2025),
arXiv:2503.01620 [gr-qc].
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o We consider f (R, G) models that correspond to nonconstant
functions U(c) and F(o). Namely, we put

U(U) = f,fﬂ F(J) = - Mfﬁ? V= Jf:U —f, (8)

where p = 119/ M3,, o is a dimensionless constant. We thus, obtain
o= R+ pg, so action (1) takes the form

Seg = [ d*x/=E F(R+ ). (9)
e Note that the action
Sko :/d“x«/i—g (LR + (R + 1G)) (10)

belongs to the class of models of (9), because /—g G is a total
derivative, so we can choose

f(R+ uG) = Up(R + uG) + (R + ug) (11)
and get action (10) from (9).
o All functions (5), (7), and (9) are particular cases of the action

Skg :/d‘*x\/fg (UoR + f(ciR + ©20)), (12)

where ¢; and ¢ are constants.
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f(R,G) gravity

e In the spatially flat FLRW geometry with the line element
ds®> = — N2 (t) dt* + a° (t) (dx® + dy® + dz?) (13)

o the Ricci scalar R and the Gauss-Bonnet scalar G in terms of the scale
factor a(t) and of the lapse function N (t) are as follows

R

6 (2/1/2 + LH) , (14)
G = 24H? (H2 + ;IH) , (15)

where the Hubble function is H = ﬁ and the dots denote derivatives
with respect to t.
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Stability of de Sitter solutions

e From action (1) with 8 = 0 in the spatially flat FLRW geometry with
the line elementat N = 1, when t is the cosmic time, we derive the
evolution equations:

6H>U + 6HU ,& = V + 24H*F &, (16)
2(U—4HF’)H:—U+HU+4H2</E—HF'), (17)
V, —6 (H + 2H2) U, + 24HF, (H + H2) —0. (18)

e Equations (17) and (18) can be presented as the following dynamical

system 3:

7=,

¢= ,

(12H*(U,00 F,o04U,0 F 00)—48F o F oo H* —3U, 50 U, )’ + H(3B+4F , V,, —6U° )¢ — - X
3(3H’F,—U,)?

2

: %
H= - 6(4H°F ,—U )02 X

where X = & [24HF,, — 12H2U,, + V|, B = 3 (4H2F,, — U,,)*.

3S. Vernov and E. Pozdeeva, Universe 7, 149 (2021), arXiv:2104.11111 [gr=qc].
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A de Sitter solution corresponds to édS =0, (45 =0, and Flds =0, so,
X(Has,04s) = 0. Using Eq. (16) and assuming Hgs > 0, we get

V(ogs)
Hys = 19
dS 6U(0'd5) ) ( )
hence,
2 2U(0’d5)U0(0d5) U2(O'd5)\/g(0d5)
X(H, ==-F, — : : 20
( dSdeS) 3 (Uds) V(O'dS) + VZ(UdS) ( )
= Verr,o(0ds) = 0,
where Vg is the effective potential
2 U2 2u f2
Ve = =F — — = — —f, — : . 21
=3 V 37 of,—f (21)

The same result can be obtained from Egs. (3) and (19).
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In the case of U(ogs) > 0, stable de Sitter solutions correspond to
Ve ,00(0ds) > 0, whereas unstable de Sitter solutions correspond to
Verr.o0(0ds) < O, the proof is given in Ref. *. Note that the effective
potential can be useful for the consideration of slow-roll inflation in
models described by the action (1) with 3 = 1, see Refs. ®

4S. Vernov and E. Pozdeeva, Universe 7, 149 (2021), arXiv:2104.11111 [gr-qc].
5E. 0. Pozdeeva, M. R. Gangopadhyay, M. Sami, A. V. Toporensky, and S. Y.
Vernov, Phys. Rev. D 102, 043525 (2020), arXiv:2006.08027 [gr-qc].
E. O. Pozdeeva, M. A. Skugoreva, A. V. Toporensky, and S. Y. Vernov, JCAP 09,
050, arXiv:2403.06147 [gr-qc].
E. O. Pozdeeva, M. A. Skugoreva, A. V. Toporensky, and S. Y. Vernov, (2025),
arXiv:2502.13008 [gr-qc]
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e Introducing the two Lagrange multipliers A1, A; to

S = [d*xy/=gf(R,G) we get

s~ o 110 (1 0 )

oo - )

Variation of the action with respect to the R, G gives \; = fg,A\ = fg.
o We introduce the fgr = ¢, fg =, and the scalar field potential related
to the function f (R, G) by the following expression,

V(

<

71/))=f:RR+ﬁgg—f(R,g), (22)

e Using H = —%5 + %g — % (5)2 and integration by parts we get

6 6 ,.. 8 .
Strg) = / d*x <—N¢aé2 - Nazéqb — mw? — Na*V (&, w)) (23)
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If we consider the f (R,G) = f (X) model, with X = R + pG, from the
chain rule for the scalar fields it follows

df dx  df

? = R gwaR T dw ()
df dX  df
Y = f,g—ﬁﬁ—ﬂﬁ—lﬁb- (25)

Hence, we end with the single scalar field point-like Lagrangian function

6 )
Lf f(R,G) (N a, a, ¢, ¢> = —N¢832—*a ad— l;¢é3—Na3V(¢). (26)

where now
V(¢) = XFx (X)— F(X). (27)
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Evolution equations in terms of dimensionless variables

e For the phase-space analysis of f(R + uG) models, it is suitable to
introduce a new scalar field ¢:

¢=U(o), (28)
therefore, F (0) = — p¢ and the effective potential becomes
2 L2 2 @
Ver ==F — — = — —pup — ——. 29
=3 Vv e V(%) (29)

To obtain V/(¢) one should invert Eq. (28) and solve with respect to o.
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e Using the variation of the point-like Lagrangian,
LA N,a adbd)= f—qbaa 7—32 6Bl is_NaPV(6). (30)
f(R,G) s dy dy Py 3 .

we get evolution equations for the spatially flat FLRW metric

6pH? + 6Hl‘fl +24H3; ¢ V(4), (31)
4 [/ d . .. .
0 = N (dt (¢H) +4MH3¢> TNz <8MHH¢+ (1+4uH?) ¢)
133 (14 4uH?) N + 6¢H> — V (¢), (32)
_ 2 l : 2 2 l ;
Vg _6(2H + NH) + 24uH (H + NH). (33)
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e We proceed with the analysis of the phase space for the latter set of
nonlinear differential equations. Specifically, we examine the existence of
equilibrium points. Each equilibrium point describes a specific era in the
cosmological history. The stability properties of the equilibrium points
give information about cosmic evolution.

e The Hubble function H can change its sign and take the value zero.

o We study the phase space dynamics by introducing appropriate
dimensionless variables where the Hubble function can change its sign
smoothly.
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e In the following, without loss of generality, we assume the lapse
function N = 1.
o We consider the following dimensionless variables ¢

B Ve
o/ My + H? ¢ (Mg, + H?)’ VME, + H

v
A:‘b*\f’ T:/,/M§1+H2dt, (35)

in which we assume 7 to be a new independent variable (a parametric
time), whereas x, y, n and X to be new dependent variables.

SA. D. Millano, G. Leon, and A. Paliathanasis, Mathematics 11, 1408 (2023),
arXiv:2302.09371 [gr-qc].
A. D. Millano, G. Leon, and A. Paliathanasis, Phys. Rev. D 108, 023519 (2023),
arXiv:2304.08659 [gr-qc].
A. Paliathanasis, Gen. Rel. Grav. 56, 84 (2024).
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It follows from Egs. (33) and (34) that

M
H= 20 (36)
Vi—?
M3 (24p0n® — 121" — 1PAy + 1207 + yA) (37)
6 (n* — 1) ((4p0 — 1)n* + 1) '
e The deceleration parameter reads
H 1-2)(1—7? A
g=-1 _ A=N0=r)  Ax (38)

CHE (1 (1-4u0)P) 87
In terms of the dimensionless variables, Eq. (31) leads to the algebraic

constraint ,
4pon
1-n2)°

3
y:—6772—z77x (1+ (39)
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e Evolution equations in terms of dimensionless variables:

dn (1 B 2)2 i o (1 — 772) ()\y (1 — n2) + 1272 (1 — (1 —2pup) 772))
ar — T Mg 6(1— (1 4mo)7?) :
(40)
< _ 1o L (A (1 =) + 1202 (1 — (1 — 2u0) %))
dr 8 6(1—(1—4m)n?)

2(1=12) (v (6 — 4X — 2Apuoxn — (6 — 4\ — 2410) 1?))
3(1— (1 —4p0) n?)°
2(1=n?)n(4(1+4puo)n® —4n+x (1 —n?))

(41)
(1— (1 — 4po) n?)°
dy  (A=1)yx N (24pon* — 120* — Py + 1202 + yA)ny (42)
dr 8 3(1+ (40 — 1) 7?) ’
M VsV
ar A _ Vo
77 = 8% (L=X+ AT (X)) where T (X) Vi (43)

By definition, the dynamical variable 7 is governed by the constraint
|n] < 1. However, the rest of the dynamical variables are not subject to
constraints and assume values in whole set of the real numbers.
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Due to the algebraic constraint equation (39), the order of the dynamical
system is reduced by one. We substitute the dynamical variable y from
(39) in the rest of the field equations and obtain a third-order dynamical
system. It is better to eliminate y instead of x, because at n = 0,

Eq. (39) gives y = 0, whereas there is no restriction on the values of x.
We proceed with the derivation of the equilibrium points for this
dynamical system for specific functional forms of the potential.
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Phase-space analysis of f(R + uG) model

We consider
f(R+1uG) = Uo(R+ ng) + a(R+pg)” "V — A, (44)

where Uy, o, A, and n # 1 are constants. At &« = 0 or n = 0, we retrieve
the General Relativistic model with cosmological constant. We explore
the case of modified gravity, when o # 0 and n # 0.
For the function

f(o) = Upo 4+ ac™ (=1 — A,

we get
an _
0 =fo=Uo+— 101/(" 2 (45)
V=of,—f= nff"/(nﬂ +A=Vo(¢—Uo)"+ A, (46)
where
« n—1\"
Vo = . 47
0 n1< an ) #7)

The effective potential is the

2 an g™/ (n=1) anc (=1 4 (n—NUyo 2
Ver = —z | Uo+ — ( 5 ( )W )_1 )
3 n—1 (n—1)o? (A(n—1) + aon/(-1)
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Power-law potential V (¢) = Vpo"

e In the case of Uy =0 and A =0, we get
o the power-law potential V (¢) = Vy¢"

and
f(o)=aom1. (48)
e The effective potential is
_ __he —(n—2)/(n-1) 1/(n—1)
Verr (o) 30 =1) (3na + 2uo ) , (49)
o de Sitter solutions, ( )
3(n—2)n
= 50
ods 2 (50)

e The solution Hys

existing at (n — 2)po > 0.
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e The value of n4s is

2—n
- - 2
1ds 2—[7—4/107 (5)
where we use Hys > 0.
e At a de Sitter point, we get
ods 3(n—2) M3,

= — = — . 53
V5 = T MR ) T 20 (MR, + HR) (53)
Xds = 0. (54)

The search of fixed points of the equations in terms of dimensionless
variable allows to get this de Sitter solution as well, it is the point Pj.
Formula (35) implies that a monomial potential V() corresponds to a
constant A = n. Therefore, we examine the phase-space for the
two-dimensional space with dynamical variables x and 7.

N. Dimakis, A. Giacomini, G. Leon, A. Paliathanasis, E. Pozdeeva and §. Vernov arXiv:2505.02663 24 /34



Solutions in dimensionless coordinates

It follows that the field equations possess nine equilibrium
points P = (x (P),n (P)). The physical properties and the stability of the
asymptotic solutions near to the stationary points are described below:
e The fixed point
PO = (07 O) s

describes the Minkowski spacetime, where the scale factor is a constant.
The eigenvalues of the linearized system around the point are zero.
Hence, the point is a center and the solution is unstable.
e The fixed points

P =(0,+1),

describe scaling solutions where the Gauss-Bonnet term dominates, that
is g (Pli) = 0. The corresponding eigenvalues of the linearized system are
calculated for point {+4, 42}, from where we infer that P is always a
source, and point P; is always an attractor.
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e The fixed points

32
P+ =+ +1
2 ( 1+3n’ )

exist for n # —l The points describe scaling solutions with
q(PY) = that is, acceleration is occurred for n<—%and n>0.
, it follows that g (Py) — —%. The elgenvalues of

1+3n’

. . . . 2(17,1)
the linearized system near to the stationary points are { 3 ,—4} for

point P;” and {— 1};3,7 , } for point P, . Hence, for n < —%or n>0,

point P is an attractor and P, is a source. Nevertheless, for n within
the region —% < n < 0, the equilibrium points are saddle points.
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e The fixed points

1
P = = (£8,+1
N T ( )
are real and physically accepted for pg < % For these points we calculate
that g (P{") = —1. Someone may infer that the asymptotic solutions

describe the de Sitter universe, but on the other hand, n?> = 1. Thus,
these points are not physically accepted. The eigenvalues of the linearized

system around the stationary points are
Py, and { Aste. ot
point P; is an attractor and P; is a source. Otherwise, for n > 1 the
points are saddle points. In order to avoid these points, parameter n
should be greater than one, n > 1. On the other hand, points Pgt do not
exist at po > %

1—n 4 .
~ T ﬁ_21“)} for point

} for point P; . Hence, for parameter n < 1,
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e The fixed points

P = (0,2, 2="
4 ’ 27”74#0 ’

are real and physically accepted for {{p < 0:n < 2} or
{po>0:2<n}.

The asymptotic solutions have deceleration parameter g (P;") = —1, so,
P, describes de Sitter universe, whereas P,  describes universe with a
constant negative Hubble parameter. The analysis of the eigenvalues
gives that point P, is an attractor when {10 < 0, 1 < n <2}, while
point P, is a source.
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Compactified variables

In order to examine the existence of stationary points for very large
values of the parameter x, we introduce the new dependent and
independent variables

V1 - X2dT = dr, (55)

X =

\/1—X2’

where the parameter X is constrained as |X| < 1.
The two-dimensional dynamical system takes the form

daX

ﬁ = F]- (Xﬂ?: n)7 (56)
dn _

a7 F (Xa77: ”)~ (57)

There are six equilibrium points which solve the algebraic equations
X?=1landn(n*—1)=0.

The phase-space analysis at the infinity regime is summarized in the
following lines.
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e The fixed points
PIE = (£1,0),

describe Minkowski solutions, with eigenvalues {+%, +1}, from where
infer that for n > 0, Péoo)+ is a source point, while Péoc)_ is an attractor.
e The fixed points
PlE = (£1,1).
(c0)£ n

correspond to universes with g (Pl ) = —goo. Hence, for n > 0, the

points describe Big Rip singularities, however for n < 0, they describe

(o0

Minkowski spacetimes. Because for n < 0, g (Pl )i) >0, butp >0,

which means that necessary the asymptotic solution is that of the
Minkowski spacetime. The eigenvalues of the linearized system are
determined {F2,+1 (14 3n)}. Therefore only point P can be an
attractor, for —% <n<O0.
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e The fixed points
PEY* = (+1,-1)

correspond to universes with g (P(_Of)i> = goo. Hence for n > 0 the

points describe Big Crunch singularities, however for n < 0, they describe
Minkowski spacetimes, because 1 < 0. The eigenvalues are

calculated {F4,+% (14 3n)}. Therefore only point P can be an
attractor, for —1 < n < 0.

e In Figs. 1 and 2, we present the qualitative evolution of the phase-space
for the two-dimensional system (41), (40) and the equilibrium points for
different values of the free parameters. The phase-space portraits can be
used to constraint the initial conditions such that the resulting attractor
to describes the cosmic expansion and acceleration, as described by point
P, as also to avoid singularities described by the stationary points at the
infinite regime.
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Phase portrait for A=2 and p=—1 Phase portrait for A=2 and p=—4

Phase portrait for A=2 and p=1

1o0le .
AL T a e

05 1.0

Puc.: Phase-space portrait for the two-dimensional dynamical system (41), (40)
in the compactified variables X and 1 for n = 2 and various values of the
parameter po. Equilibrium points at the infinity are marked with red. Point Py
is marked with yellow, orange points are P;5, blue points are P, and purple
points are P;.
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Phase portrait for A=—4 and p=-1 Phase portrait for A=—4 and p=-4

Puc.: Phase-space portrait for the two-dimensional dynamical system (41), (40)
in the compactified variables X and n for n = —4 and various values of ppg.
Equilibrium points at the infinity are marked with red. Point Py is marked with
yellow. Orange points are P, blue points are Py, purple points are PF, and
green points are equilibrium points Pjt.
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CONCLUSIONS

e In this work, we perform a detailed analysis of the phase-space for the
cosmological field equations within the fourth-order f (R, G)-gravity. In
particular, we considered spatially flat FLRW cosmology within the
context of f (R,G) = f (R + uG) theory of gravity. With the use of the
Lagrange multiplier approach, this theory with a nonlinear function f is
equivalent to a theory with a scalar field nonminimally coupled to the
Ricci scalar and to the Gauss-Bonnet term.

e We investigate the stability of exact solutions of physical interest
utilizing two methods. Firstly, we considered the effective potential
approach to determine conditions for the stability of the de Sitter
solution. However, this method cannot be used to determine the stability
of scaling solutions or to understand the global dynamics. Therefore, we
introduce dimensionless variables and wrote the cosmological field
equations in equivalent form and get a system of first-order nonlinear
differential equations of these variables.

o For the f (R,G) ~ (R + pG) "™ model, with and without a
cosmological constant term, we have performed a detailed analysis of the
stability of the stationary points.
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Thank you for your attention
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