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Accelerated expansion of Universe

• p = 𝑤 ⋅ 𝜌,                𝑤 ≈ -1                                             
𝑤 — equation of state 

• 𝜌 = (𝜦DE )4   

• 𝜦CDM 

Scale problem  𝜦DE ∼ 10-3 eV



Accelerated expansion of Universe

Scale problem  𝜦DE ∼ 10-3 eV

• 𝑤(a) = 𝑤0 + 𝑤a ⋅ (1-a),                                   
a — scale factor 

• 𝜌 ≈ (𝜦DE )4   

• 𝑤0𝑤a CDM 
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Specific action for isotropic fluctuations of scalar field is derived under the condition of 4D cut-o↵.
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I. INTRODUCTION

The collaboration Dark Energy Spectroscopic Instrument (DESI) has provided analysis of cosmological data on
baryonic acoustic oscillations [1–3] that shows sensible deviations from the concordance ⇤CDM model (abbreviated
from “cosmological constant ⇤-term and Cold Dark Matter”) in favour of Dark Energy (DE) approximated by the
pressure to energy density ratio

wde =
pde

⇢de
= w0 + wa · (1� a),

in vicinity of current scale factor a(t0) = 1. Although estimates in the appropriate w0waCDM model [1]

w0 = �0.827± 0.063, wa = �0.75+0.29
�0.25 (1)

are still not in 5� contradiction to ⇤CDM. In both models the energy density scale is in question since it is about
10�3 eV much less than any reasonable evaluation in physics of Universe cosmology [4–6]. In this respect one can
consider the stress-energy tensor T cl.

µ⌫ entering the Einstein equations of general relativity in a way setting this tensor
in terms of a density matrix ⇢̂ for non-stationary quantum states of fields as

T
cl.
µ⌫ = tr

�
⇢̂ T̂µ⌫

�
. (2)

There are two options for selecting the contribution of minimal energy states in (2).
The first option is given by an invariant vacuum common for all fields, while the invariance implies that the vacuum

contribution is separable in contrast to all other states entangled to give the following expression:

tr
�
⇢̂ T̂µ⌫

�
inv.

= Wvac · hvac|T̂µ⌫ |vaci+ trnon�vac

�
⇢̂ T̂µ⌫

�
= Wvac · ⇢barevac gµ⌫ + Tµ⌫

⇥
�cl.

⇤
, (3)

where Wvac ⌧ 1 is the constant probability of vacuum in the density matrix, ⇢barevac is the constant energy density of
invariant vacuum, gµ⌫ is the metric, and Tµ⌫

⇥
�cl.

⇤
is the stress-energy tensor of classic fields due to entanglement of

quantum fields in the non-stationary University state. In the current paper we consider the origin of invariant vacuum
due to isotropic 4-dimensional fluctuations in a coherent non-stationary state of scalar inflaton-field that substantiates
the natural value of vacuum probability

Wvac = e�neff (4)

with ne↵ = hvac|n̂|vaci being the average number of quanta of invariant scalar field in the coherent state. At ⇢barevac ⇠ ⇤4

set by the inflation scale ⇤ ⇠ 1016 GeV, with the reduced Planck mass m̃Pl related with the Newton constant G,

m̃Pl = (8⇡G)�1 (5)

the estimate ne↵ ⇠ m̃Pl/⇤ gives ne↵ ⇠ 250 and results in inspiring match to the observed scale of energy density
associated to the cosmological constant [7–10].
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Scale  𝜦DE ∼ 10-3 eV

quantum effects•Classical limit of absolute emptiness 

    T𝛍𝛎 (nothing)⎢cl = 0  

• quantum fluctuations 
• non-stationary state 
• invariant vacuum & decoherence: 
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�cl.
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, (3)

where Wvac ⌧ 1 is the constant probability of vacuum in the density matrix, ⇢barevac is the constant energy density of
invariant vacuum, gµ⌫ is the metric, and Tµ⌫

⇥
�cl.

⇤
is the stress-energy tensor of classic fields due to entanglement of

quantum fields in the non-stationary University state. In the current paper we consider the origin of invariant vacuum
due to isotropic 4-dimensional fluctuations in a coherent non-stationary state of scalar inflaton-field that substantiates
the natural value of vacuum probability

Wvac = e�neff (4)

with ne↵ = hn̂i being the average number of quanta of invariant scalar field in the coherent state. At ⇢barevac ⇠ ⇤4 set
by the inflation scale ⇤ ⇠ 1016 GeV, with the reduced Planck mass m̃Pl related with the Newton constant G,

m̃Pl = (8⇡G)�1 (5)

the estimate ne↵ ⇠ m̃Pl/⇤ gives ne↵ ⇠ 250 and results in inspiring match to the observed scale of energy density
associated to the cosmological constant [7–10].
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This study is inherently related with the second option: the entangled minimal energy state marked by the same
symbol |vaci, is not separable, hence, the entanglement results in a non-invariant stress-energy tensor with diagonal
components of energy density ⇢de and pressure pde

⇢de = Wde · hvac|T̂00|vaci · g00 = Wde · ⇢barevac , pde = wde · ⇢de, (6)

where the dark energy components would satisfy the conservation law in the expanding Universe

⇢̇de + 3H(⇢de + pde) = 0, (7)

under H ⌘ ȧ/a being the Hubble parameter (ȧ = da/dt). This equation is equivalent to

Ẇde · ⇢barevac + 3H(1 + wde)Wde · ⇢barevac = 0. (8)

So, introducing the e-folding in terms of scale factor a(t)

N
def
= ln a(t),

we note that the time derivative equals

Ẇde =
dWde

dN
· dN
da

· da
dt

=
dWde

dN
· ȧ
a
=

dWde

dN
·H ⌘ W

0
de ·H. (9)

Therefore, eq. (8) takes the form

wde = �1� 1

3

�
lnWde

�0
. (10)

In vicinity of N = 0 one can introduce the e↵ective number of quanta

ne↵(N) ⇡ ne↵ + n
0 ·N +

1

2
n
00 ·N2

, (11)

where ne↵ = ne↵(0), n0 and n
00 are constant, while

Wde = e�neff (N)
. (12)
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Thus,

w0 = �1 +
1

3
n
0
, wa = �1

3
n
00
.

Empirical data [1] correspond to approximate constraints

0.3 < n
0
< 0.75, 1.7 < n

00
< 3, (14)

The model estimations of both n
0 and n

00 could be derived from some Lindblad-like equations [11] for the density
matrix of the scalar field vacuum-state entangled to environment.

In this context it is important to note that both described options are based on the same mechanism for suppressing
the bare energy density of scalar field vacuum.

In the present paper we consider a role of cut-o↵ to find the action for the scalar field if the fluctuations are 4D
isotropic. The cut-o↵ in the local field theory itself is inevitable if we assume that the ultimate theory is based on
non-local superstrings [12, 13]. On the other hand, one could presume that a quantum gravity has to somehow involve
a quantum cells of space-time, and those cells have to be characterised by an invariant scale of minimal size associated
with a maximal energy scale or a cut-o↵, too. Therefore, the problem of 4D isotropic action is actual, indeed.

So, calculating a contribution into a density of vacuum energy by zero-point modes for a scalar field involves a
4D isotropic cut-o↵ ⇤ in a momentum space in order to make this contribution to be finite and to get invariant
stress-energy tensor Tµ

⌫ = ⇢vac �
µ
⌫ for the vacuum with the energy density ⇢vac.
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• 𝑤(a) = 𝑤0 + 𝑤a ⋅ (1-a)



Cut-off
action of scalar field

• Fourier transform 

• Wick rotation
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II. SUBSTANTIATING THE ACTION

The action of real scalar Þeld! (x) takes the form

S =
!

d4x
1
2

"
! (x) ( ! " µ " µ ! (x)) ! m2! 2(x)

#
, (15)

where the integration takes place over 4D volumeV4D " # , while the dimension of scalar Þeld equals the dimension
of mass: [! (x)] = [ ! ]. Under the Fourier transform

! (x) =
!

d4p
(2#)4 e! ipµ x µ

" [p] (16)

the action reads o#

S =
!

d4p
(2#)4

1
2

" " [p](p2 ! m2)" [p], (17)

and the dimension of" [p] equals [" ] = [ ! (x)]/ [! ]4.
In order to get the 4D isotropic solutions with a cut-o# alike ! we perform Wick rotation p0 = i p4 with p2 = ! p2

e
and d4p = id $ 3 p3

edpe, where the solid angle of 3D sphere is equal to

!
d$ 3 =

+1!

! 1

d cos$1

+1!

! 1

sin$1d cos$2

2!!

0

d%= 2#2.

For 4D isotropic solutions " [p] $" " (pe) and the action is transformed into the expression

S4D = i
1

(2#)3

!
d$ 3 á

!
p3

e
dpe

2#
1
2

" " (pe)( ! p2
e ! m2)" (pe) =

i
4#

%p3
e&!

!
dpe

2#
1
2

" " (pe)( ! p2
e ! m2)" (pe), (18)

taking into account the fact of imposing a cut-o# of the order of ! that makes the integration to be Þnite and allowing
for averaging %p3

e&! ' ! 3. The back Wick rotation i pe = k provides

S4D =
1

4#
%p3

e&!

!
dk
2#

1
2

" " (k)(k2 ! m2)" (k), (19)

while under

" (k) =
1

! 3

!
d&ei" k ! (&)

we arrive to

S4D =
1

4#
%p3

e&!

! 6

!
d&

1
2

! (&)
$

!
d2

d&2 ! m2
%

! (&). (20)

Writing down eqs. (19) and (20) we purposely repeat the same symbols" and ! despite the substitutions in the
arguments.

So, introducing a new cut-o# scale! of the same order of magnitude by

1
4#

%p3
e&!

! 6 $"
1

! 3 ,

we substantiate the action under 4D isotropic cut-o#

S4D =
1

! 3

!
d&

1
2

( ú! 2 ! m2! 2), (21)

where ú! = d ! / d&, and we have used the integration by parts.
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where the integration takes place over 4D volumeV4D " # , while the dimension of scalar Þeld equals the dimension
of mass: [! (x)] = [ ! ]. Under the Fourier transform
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the action reads o#
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d4p
(2#)4
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" " [p](p2 ! m2)" [p], (17)

and the dimension of" [p] equals [" ] = [ ! (x)]/ [! ]4.
In order to get the 4D isotropic solutions with a cut-o# alike ! we perform Wick rotation p0 = i p4 with p2 = ! p2

e
and d4p = id $ 3 p3

edpe, where the solid angle of 3D sphere is equal to
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III. DEDUCTIVE STATEMENTS

At Þrst, the action (21) looks like the action of scalar Þeld in the Þnite volume, though one has to note the invariant
constant 3D volume V3D = 1 / ! 3, while the variable ! is also Lorentz invariant. Therefore, the 4D isotropic cut-o"
for the invariant solutions of scalar Þeld can be equivalently described by the action in a Þnite invariant volume.

Second, the action obtained is the action of harmonic oscillator. Hence, the quantum description is ordinary and
Þnite.

Third, formally one can get the action (21) from the action of scalar Þeld (15) under the following operational
substitutions:

" (x) !" " (! ) and
!

d4x . . . #µ . . . #! . . . !"
1

! 3

!
d! . . .

1
4

gµ!
d
d!

. . .
d
d!

. . .

as it was explored in [10] in view of the invariant description of isotropic ßuctuations for the inßaton Þeld.
The most spectacular feature of action transformation is the consequence for the stress-energy tensor since one gets

the following expression for 4D-isotropic solutions subject to the cut-o" :

Tµ ! = ( #µ " )(#! " ) # 1
2 gµ !

"
(#" " )2 # m2" 2

#
!"

!" T !
µ ! = 1

4 gµ !
ú" 2 # 1

2 gµ !
" ú" 2 # m2" 2

#
= # 1

4 gµ !
ú" 2 + 1

2 gµ ! m2" 2. (22)

For the oscillator at m $= 0 the contribution into the energy density by the positive potential term always exceeds
the negative kinetic term in (22). Thus, the covariant structure of space-time in the Þnite volume results in the
vacuum-like stress-energy tensor at least for the basic state with no quanta of oscillator and the bare value of energy
density (see details in [10])

$bare
vac = %vac|T !

00|vac&=
1
8

m! 3 > 0. (23)

Further numerical estimates in cosmology with the inßaton Þeld repeat values announced in Introduction: the scheme
is consistent to Þt the empirical scale of vacuum energy density.

Another questions is what does happen ifm = 0? We certainly conclude that the 4D-isotropic massless Þeld with
the cut-o" generates the anti-de Sitter like stress-energy tensor

T !
µ ! = #

1
4

gµ!
ú" 2 (24)

with a negative density of energy at ú" = const., setting the constraint which satisÞes the equation of motion. The
phantom-lke form of (24) physically signalise that 4D isotropic ßuctuations are unstable and cannot produce separable
density matrix, and such a quantum state has to be entangled with environment so that the state has to decay. The
decay time has to exceed the minimal admissible time! > 1/ ! , wherein a factor C in ! = C/ ! may be much grater
than 1, too.

The entanglement of phantom scalar would result in the phantom spatially isotropic massless Þeld depending on
time " = " (t). Such a Þeld is responsible for wormholes found by Ellis and Bronnikov [14, 15].

The same Þeld with a sti" matter equation of state (w = +1) generates spatially isotropic constant Einstein tensor
Gµ! = Rµ! # R gµ! / 2 that produces anisotropic evolution of universe with expanding and contracting spatially ßat
subspaces [16]. This e" ect could explain the dynamical formation of 3 ordinary expanding dimensions and extra
contracting dimensions of space so that extra contracting dimensions could to be compactiÞed into small volumes
because of the contraction.

Anyway such exotic e" ects cannot be long in time since the entanglement of phantom Þeld has to cause a Þnite
interval of operation in deal.

IV. CONCLUSION

We have derived the action of scalar Þeld incorporating the isotropic 4D cut-o" . Such the action is important in
empirical cosmology as concerns for the scale of cosmological constant and recent detection of e" ects in the dark
energy equation of state. The entanglement of scalar vacuum state requires further studies in terms of Lindblad
equation [11] speciÞed for the cosmology.
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D. Interaction with gravity

We have considered the model of free scalar Þeld in Þnite volume with no gravity. Introduce the following term of
non-minimal interaction

Sint = !
1
2

M int

!
d4x

"
! g R á! = !

1
2

÷m2
Pl

!
d4x

"
! g R á

!
! int

, (38)

where the additional scaleM int is written in the form corresponding to the EinsteinÐHilbert action

SEH = !
1
2

÷m2
Pl

!
d4x

"
! g R (39)

with the reduced Planckean mass ÷mPl related with the Newton constant G,

÷mPl = (8 " G)! 1. (40)

So, the sum of these actions equals

Sint + SEH = !
1
2

÷m2
Pl

!
d4x

"
! g R á

"
1 +

!
! int

#
,

and ! int determines the measure of deviation from the EinsteinÐHibert action in terms of ratio of scalar Þeld value
to the scale ! int . It is natural to put this scale to be of the same order of magnitude to ! int . Due to the non-
minimal interaction the sum Sint + SEH represent the action in the Jordan frame. One can introduce the conformal
transformation with the following square of scale factor depending on the Þeld:

" (! ) = 1 +
!
! int

(41)

determining the transformation of metric by

gµ! #$
1

" (! )
gµ ! . (42)

Then the action of scalar Þeld and new metrics gets the following form in the Einstein frame [12]:

S =
!

d4x
"

! g
"

!
1
2

÷m2
Pl R +

1
2

(#µ ! )2

$

% 1
" (! )

+
3
2

÷m2
Pl

&
# ln "

#!

' 2
(

) ! VE (! )
#

, (43)

wherein we have added the Þeld potentialV (! ) in the Jordan frame, that transformed into the potential VE in the
Einstein frame,

VE (! ) =
V (! )
" 2(! )

.

This potential accounts the non-minimal interaction, while the kinetic term is also deviates from the canonical form.
The conformal transform reveals features of non-minimal interaction that is especially spectacular in theories with
two scales: the Planckean scale and the scale of interaction as we will clearly see in the further study.

Consider the case when ÷mPl % ! int and Þelds in the region 0< ! & ÷m2
Pl / ! int that implies

1
" (! )

&
3
2

÷m2
Pl

&
# ln "

#!

' 2

.

Therefore, in this region the non-canonical kinetic term equal to

1
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FIG. 2. Potentials for the free Þeld and the inßation after the transition from the Jordan frame to the Einstein frame The dot
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At the potential of free scalar Þeld in the Jordan frame the potential of ! equals
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It has the plateau
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so that the Þeld ! is well suitable for the role of inßaton in the expansion of early universe [12]. The corresponding
potential is shown in Fig. 2.

The square of inßaton mass at the bottom of potential equals
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2
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. (47)

We assume that the interaction with gravity conserves the vacuum contribution to the stress-energy tensor (35).
However, this interaction disturbs the coherent state of scalar Þeld in the way that the Þeld at"n# $ 1 obeys the
classical equation of motion with the evolution under the time t instead of invariant " . Therefore, the model gives the
suppression of vacuum density of energy and supports the inßation mechanism in the early universe. The evolution
could start in the bottom of potential with a large velocity corresponding to the huge excitation of coherent state with
"n# $ 1 as it shown in Fig. 2, while the interaction with gravity produces a friction of motion along the potential
growth with further stopping and falling down under slow roll inßation from the plateau.

IV. NUMERICAL ESTIMATES

Supposing the relevance of model parameters to the empirical values of observational cosmology we put the vacuum
density of energy and inßation plateau by the order of magnitude equal to

#vac % (10! 3 eV)4, VC % (1016 GeV)4,

while the one loop estimates with gravitons support the estimates

m % # % # int % V 1/ 4
C % 1016 GeV.
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where we have introduced the transition to the invariant cut-o! " determining the Þnite volume factor in the action,
while the covariant spatial-temporal structure in the model is deÞned by the following expression:

!
! µ " ! ! "

"
=

1
4

gµ! (28)

a complete analogy with the isotropy condition in relation (16) under the following normalization condition setting
the scale of invariant variable " :

! (! " " )2" = 1 , (29)

in a complete analogy with (16). Then the e! ective action1 equals

S! =
1

" 3

#
d"

1
2

$
(! ##)2 # m2#2%

(30)

which is the action of harmonic oscillator, when

qosc =
#
" 2 , M osc = " , $osc = m, (31)

In this way the stress-energy tensor is transformed to

Tµ! =
$
! µ #(x)
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%2
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=
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%
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µ ! |vac" = !vac|

!
! µ " ! ! "

"
(! ##)2 # 1

2 gµ !
$
! (! " " )2"(! ##)2 # m2#2
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|vac", (32)

hence, under (28) and (29) with the evident application of (23) we Þnally get

!vac|T !
µ ! |vac" = gµ! !vac|

$
# 1

4 (! ##)2 + 1
2 m2#2

%
|vac" = gµ!

1
8 m" 3. (33)

Thus, the covariant structure of space-time in the Þnite volume results in the vacuum-like stress-energy tensor at least
for the basic state with no quanta of oscillator and the bare value of energy density

%bare
vac = !vac|T !

00|vac" =
1
8

m" 3 > 0. (34)

C. Non-stationary coherent state

Since the universe evolves it is natural to put the scalar Þeld in the Þnite volume to be in a non-stationary state.
Moreover, if the state appears as a result of eventual ßuctuation with respect to vacuum state, then the number of
quanta are distributed by Poisson, while the state is coherent. Therefore, the contribution of vacuum state to the
average stress-energy tensor is suppressed as

!T !
µ ! "vac = !vac|T !

µ ! |vac" áe!" n # = %bare
vac áe!" n # =

1
8

m" 3 áe!" n #, (35)

where !n" is an average number of quanta in the coherent state.
In this way the energy of coherent state in the Þnal volume in accordance with action (30) is given by

!E" = $osc
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= m
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!n" + 1

2

%
, (36)

while the same quantity in terms of energy density within a Þnite volumeV[3] is equal to

!E" = V[3] %bare
vac

$
!n" + 1

2

%
á2 = V[3]

1
4 m" 3(!n" + 1

2

%
, (37)

since
1
2 m = V[3] %bare

vac .

Therefore, the reference volume equals

V[3] =
4

" 3 .

1 Another sort of argumentation based on the fact of e ! ective covariant cut-o ! in the momentum space for the Þeld ßuctuations, will be
presented elsewhere.
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Then

!n" # 250. (48)

This estimate gives the energy of initial coherent state in the reference volume

!E" # ! n" m # ÷mPl . (49)

So, the model deals with two energy scales naturally involved in the concordance model of universe inßation: the
reduced Planckean mass and the scale of inßation plateau.

V. CONCLUSION

We have shown that in the covariant formalism the bare value of zero-point energy density caused by the sub-
Planckean cut-o! scale can be suppressed under the following conditions:

¥ the non-stationary coherent state of scalar Þeld in the expanding universe,

¥ the Þnite volume determined by the energy cut-o! scale for the scalar Þeld,

¥ the coherent spatial-temporal structure of ßuctuations in the invariant vacuum,

¥ the natural estimates for the cut-o! scale in comparison to the Planckean energy of scalar Þeld in the Þnite
volume.

The model involves at least two scales of energy:

1. the Planck scale of gravity, that also determines the energy of scalar Þeld in the Þnite volume;

2. the sub-Planck cut-o! setting the scale of Þnite volume as well as the scalar Þeld mass, the Þeld ßuctuations in
the vacuum and the plateau height of potential in models of inßationary early universe expansion relevant to
the high precision data in the cosmology.

The relations between the scales as it is coming empirically require further studies.
Note that other contributions to the vacuum energy density would be also suppressed due to the very non-stationary

state of the scalar Þeld since the additional terms! add do contribute under averaging over the common vacuum state
|0add " $ |0" e!" n #/ 2. Therefore, other sources of suppressed vacuum energy density are signiÞcant only if! add #
(1016 GeV)4. In this case the sign of actual cosmological constant depends on resulting sum over all relevant terms.
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