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The metric of the Ellis wormhole is
ds®> = dt? — dr* — (r* + b%) (d6? + sin® 0 d?)

where r € (=00, ) and b% > 0.

A real massive scalar field ¢(t, r, 0, ¢):

M2
5= / Ve (; §" 000, — 2¢2) d*x.
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Radial solutions

Decomposition in spherical harmonics e*EtY),, (0, ©)fi(k, r) leads

to the radial equation (here k = VE2 — M?)

2 2 1 d 2 2\ dfi(k, r) I(1+1)
(E fM)ﬁ(k,r)+7r2+b2E((r vt D) 0D 4 =0

The new function
ik, r) =\/r2 + b2fi(k,r)

satisfies a one-dimensional Schrédinger equation

d?y(k,
a ?,lzfzf) + Vi(r)i(k,r) = E*y(k, r)
with the potential
2
Vi(r) = M2 + b I(1+1)

(24 b2 B
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Figure 1: Vi(r) for | =0 (solid line), / = 1 (dashed line), and | =2
(dotted line).
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Two linearly independent solutions:

Tr[}/,s(k) 7r) = 7/’/,5(/(, r)a
w/,a(kv _r) = _w/,a(ka r)'

For each /, these solutions form a complete set of orthogonal
eigenfunctions.

Asymptotic behavior of the solutions:

ralk,r) ;% sin (K|r| + r1.(k)

sign(r

Nz

~—

Py a(k,r) ~ sin (k|r| + rja(k)) -
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Isotropic coordinates

b2 b b
r—R—ﬁ, R€<_OO’_2)U|:27OO>

The metric takes the form

2 2
ds? = dt? — <1 + 4sz> (dR? + R?(d6? + sin® 0 dp?)) .

The asymptotics can be rewritten as

1 ) ml

fis(k,R) = 7R sin <k|R[ ) + 5/,s(k)> ,
sign(R) . wl

f.a(k, R) ~ ﬁ?TRI) sin (kym -+ 5,7a(k)> :

where 0 s(k) = k1 s(k) + & and &) 5(k) = k1 a(k) + 5.



The coordinates

X = (Rsinf cos g, Rsinfsin ¢, Rcosf), R > g,

X= ¥ = (|R|sinf cosp,|R|sinOsin ¢, |R|cosh), R < —2

tend to Cartesian coordinates for R — +o0.

In these coordinates, equation for the spatial part of the scalar field
o(k, X) takes the form

b2 3 2 2 vi i (9 b2 a¢(k7)_<') _
(14 43) (B -yt X ((”4X>ax -
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Choosing the quantum states. Step 1

The scattering states defined as

+5Is(k)) E
¢5 7 47Tkz 2/+ <k’R|>ﬁ,S(k7R)7

S kX
(k, X) (2! (Z+0.00)p, [ 22 ) £ (k. R
il 47r/<Z 1 "\ KIR] 1o (k. R)

satisfy the equation of motion for the scalar field.
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At large |R)|

. 1 (e (. R kR
Sk7X T =, 3 kX AS kai 1ol )
X0~ o ( ’ ( |R|> |Rr>

- o sign(R) [ iz - X\ elR

k,X I Aa kvi
P X0~ oy ( ! ( |Rr> R

with the scattering amplitudes
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Choosing the quantum states. Step 2

01 X) = = (0F.R)+ 0,(R.5)).
75 (0 X) = 0,(. %)) .

These new states satisfy the orthogonality conditions

BNY o o
/<1+4R2) *(k, X)p_(K',X)d*X =0,

o_(k,X) =

>
X
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Asymptotics for large positive R:

¢+(k7X) ~ (271_)

0-(kX) ~ o3

Asymptotics for large negative R:
oo 1 . }7 . }7> e:k|R|
K, X) ~ K2 ) A (k2L :
#+(%) 2(277):(5( ) ()
e st (4 () 2 ()
ek Ak, L) 1A, (kL
2(2m)2 "\ [R| "\7IRI)) IR
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In particular, for R — o
1 )
eIkX’

whereas for R — —o0
4 (k,X) =0,
1 iky.

o (k,

><1

)= (2m)?

mostly in the universe with R > 2, Whereas the states ¢_(k, X)
2, they penetrate into the

live mostly in the universe with R < —
“opposite”’ universes only to a small extent.

There is a good reason to belleve that the states ¢, (k, X) live



Canonical quantization

o6 %)= [ m( e VERE (5 (KX)o (R) + 0. (k. )2, (R))

+ei\/mt(¢ (E ) (k)+¢+(k X)3+( )))

where
[a_(k),a" (K")] = 6 (k = k"),
[a; (K), al(K')] = 6®)(k — k),
all other commutators being equal to zero. The canonical commutation
relations are satisfied exactly:
[6(t, X), (£, X)] = is®(X = X"),
[6(t, X), 6(t, X')] = [ (t, X), m(t, X')] = 0,
where

" oL 00 iy, Sy b ST
"0 8) = 0 = Va8 R ) = (14 4 ) e X).
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The Hamiltonian has the form
1 . -
H =/\/§g°° Too: dx = f/\/%g“ (8~ d0): o
/\/k2 n /v/2 " (KYa_(K) + at (K)a, (k )) d3k.

For comparison, the Hamiltonian of the scalar field in Minkowski
spacetime is

/\/k2+M2 al (K)a(k) d®k.

Additional degeneracy is a purely topological effect (topological structure
of the wormhole spacetime is R? x S2, topological structure of
Minkowski spacetime is R*). Exactly the same degeneracy exists in the
Schwarzschild spacetime with the same topological structure R? x S2:
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Thank you for your attention!

The report is based on the results obtained within the scientific program
of the National Center for Physics and Mathematics, Section No. 5
“Particle Physics and Cosmology”, stage 2023-2025.
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