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Discription of the dynamics of fermions by the influence functional methood

The Feynman-Vernon Influence Functional approach
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Annals of Physics 24, 118-173.

Q(t)

General quantum systems Q and X coupled by a potential V(Q, X, 1).

«...lt is shown that the effect of the external systems in such a formalism

[paths integral formalism] can always be included in a general class of
functionals (influence functionals) of the coordinates of the system only ... »



Discription of the dynamics of fermions by the influence functional methood
= Quantum e lectro dynamics

QED Lagrangian,Hamiltonian. Classical model.

LB (@) PP () — et (@) Ay(w)

£(x) = D)1 0 — m)(e) - 5

where
Flu(z) = 0,Au(x) — 0,A,(2)

7" (x) = p(x)y"h(x)

Hfull = Hsys + Hfield + Hint
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LEvqution equation for statistical operator

Quantum model.Second quantization. Evolution equation for
statistical operator j(t;)

~ A~

ptr) = Ults, tin) pltn)U' (t5, tin) (5)
where p(t;,,) is statistical operator, describing initial state at moment ¢;,,,
Ul(ty,tin) — evolution operator.
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~ 7 ty
U(tf,tin) = TeXp[—}—i/ Hfull(T)dT]. (6)
tin

where Hfull:
[:Ifull = IA{sys + I:[field + [:Imt (7)
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ption of the dynamics of fermions by the influence functional methood

LEvqution equation for statistical operator
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LEvqution equation for statistical operator

Hpuy = Z wl(gf) <bLabpa + CI)UCPU) + Z Wli)abakx+
p,o=1,2 k,A=1,2

? A ~ KU — ~
te Y T(g*;];(k,t)akﬁa;yu (ki) (12)
kA=1,21/2w, "V

where

Jit) = / Gue e dx, G (kt) = / Gu e " dx (13)
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LEvqution equation for statistical operator

Coherent states for electromagetic field

ak)|axy) = axa|okn), <@k/\‘dL\ = (o |aen,s (14)

where ay, — complex value, which describe states k mode of quantum
electromagnetic field. These states (|a)) are non-orthogonal:

1 *
<Oéi{/)\/|ak)\> = 5k/k5)\/)\ exp {—5 (|C¥i{/>\/‘2 + |Q{k)\’2 — 2041(/)\/041()\)} . (15)

There is resolution of the identity operator:

> A
/lOék)\><Odk/\‘ kA = 1. (16)
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LEvqution equation for statistical operator

Grassman states for Dirac field

6p,0|9p70> - 9p,0‘9p¢7>7 @p,a‘i);,a = (0

where 6, , — grassman variable. These states (|#)) are non-orthogonal:

(17)

— 1 /= — —
<0p/0./‘0p0-> = 5p/p50/0- eXp {_5 (ep/U/Q;/U/ + Hpo-epo- — 20p/0/0pg) } . (18)

There is resolution of the identity operator:

— d290
/ Bper) (B | 2

™

=1.

(19)
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LEvqutio equation for statistical operatol
I

Then

Grassman variables properties
For two grassman variables 6 and 7
On+nd =0 or On = —nb

and

and

SO

/def(e) _ /de(A + B6) = B.
/ dg*dhe=0"" = b
(H / d&;‘d&) 0070 Buli =

det B
By
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(- Holomorphic representation

Evolution equation for density matrix in holomorphic
representation |0, ax)) = |0ps) @ |ax))
The density matrix:

p(ay, O, 05, 05 t5) = (Bp, og| plts)|07, o) (24)
The kernel of evolution operator:
U(O[faef?tf‘aln? in zn) - <9f>af|U(tf> ’m)‘eznaazn> (25)

The evolution equation:

— d*al, d*0), d*ay, d*6;
* 0 / 9/ . t — / m m m m %
p(afa f af? f f) T . i T

XUy, O, tr| i, Oins tin) p( s Oimy i O 30U (0, 0t G, i tim) (26)
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LThe kernel of evolution operator as a path integral

The kernel of evolution operator as a path integral

U(a},gf,tﬂaf,@f,tm) = /@a*(T)CDoz(T)@g(T)@G(T)X
x exp {1Sruu [a*(7), (1), 0(7),0(7)]},  (27)
where action

Spun [0 (1), a(7),0(7),0(7)] =
= Sy [0(7),0(7)] + Sy [a”(7), a(r)] + Sint [@"(7), (7). 0(7),0(7)] . (28)
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LThe kernel of evolution operator as a path integral

Action of fermionic field:

s [0).000) = [ (9(”0(7) DA w“)@mem) i

21

Action of bosonic field:

Sp [a (1), a(T)] = /t: (d*(T)a(T) — o (r)alr) — w(b)a*(T)a(T)> dr

Action of interaction part:

Sint [(7), (1), 0(7),0(7)] = /t fej“(g(T)ﬁ(T))(eza*(T )+ epa(T))]dr;

(29)

(31)
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LThe Feynman-Vernon influence functional

Evolution of density matrix in paths integral formulation

We have
« 7 d2062n dzein dQOérm d202n %
p(afaeﬁa}a };tf) = / 10( m?emv zn?egn’ )

™ s ™ ™

xDa* (7’)3304(7')@5(7)539(7')530/*(T)@d(T)@@l(T)QH'(T) X
X exp {z (Sfull [ (1), a(7),0(7),0(7)] — Spun [a'*(T), 0/(7'),?(7'), 9'(7’)} ) } . (32)




Discription of the dynamics of fermions by the influence functional methood

LThe Feynman-Vernon influence functional

Fermionic density matrix and influence functional

p(05,0%:t1) = SPas=a,p(a}, 05,05, 0y ty) = / degdefgé(f):oe(r)@é’(7)99’(T)d9;nd9m><

xexp {1 (S4[6(r), 6(r)] = S0 (7). 0/(7)]) } FIO(),0(7)] (39)

where F[0(7),6'(7)] is influence functional of electromagnetic field on fermionic subsystems.

2
dazndazn * 7 ’

F[@(T), o' (T)] = Spozf:oz} /@06* (T)QQ(T)QQI* (T)@a ( ) pu o p(ainv Oin, a;na Oin; tl’ﬂ«) e

xexp {1 (S 10" (7), a(P)] + Sint [0 (7), (1), 0(7),0(7)] = Sy [ (7), 0 (7)] = Sint [0 (7), 0 (7),8 (7). 0'(7)] )

In many cases, we can choose at initial moment t;,,

p(afnvgina Oé;n, Q:nv tin) = pf(gina agnv tin) X pb(a:n’ a;n; tin) (35)



Discription of the dynamics of fermions by the influence functional methood

LThe Feynman-Vernon influence functional
Influence functional of electromagnetic field

2 2./
d*ay, d Vi,

™ ™

FIO).0() = [ Spayey

XUmfl(O‘}agﬁtHO‘ma‘9imtin)p(a:n70m7 7/n78'/m,7 m)Umfl(af76f7tf|a;279m7 ) (36)

where Umfl(oz},éf, tf|Qin, Oin, tin) is electromagnetic field transition amplitude from initial
state |a;,) to final state [a}) inducing by external source j:

Uini(03, 07, ¢ |Clin, Oin, tin) = / Da*(T)Da(r) exp {Simpla’(7), a(7), z(7)]}  (37)

where Sj,, 1 [04*(7), a(T), (1), 9(7)] = Sp [a*(7), a(T)] + Simt [Oé*(T), afr), (1), 9(7)]. In
general, influence functional (26) describes the influence (action) of electromagnetic field
on fermionic field.
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LThe Feynman-Vernon influence functional
I

Functional integration over electromagnetic field paths

ty

*U s —

ty T
Uznfl(afyef;tflazny znatzn)_exp e—zw(tf tm)a azn_e //Eﬂj,u € v

(e W) drdr

tin

ty
Zame/€N]+(T)e—zw(7'—tm)d7__,La}e/&_*u] ( ) —w(ty T)d'r

tin
For multimode field and two polarizations without interaction between modes

(38)
k,\
"Lfl H Uz(nfl )

(39)
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LThe Feynman-Vernon influence functional

Uinfl (a}; gfv tf|azn; ainy tzn) =

ty T
I e et ol - 2ka/ / ehdit (k. 1)e3 gy (k)T drdr! —
ty
in)__€ (T tin D+ oty g |
_w‘l(o\) /—2ka/5)\-7u (k,7)e wo(r=tin) gy — w‘l(o\) AT V/€>‘ JH e ks =T) g =
tin
ty
=oxp ) | e aga, - 2ka/ [ ettt nesty (e s e ards’ -
k.2 tin tin
(T —tin) g g /5 e_“"k(tf_T)dT (40)
f\/— Nk

(& .
— Zain\/TT/gl;JM (k,T
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Llnfluence functional of elect: ic field

Vacuum influence functional

For the case when initial and final states of electromagnetic field are vacuum:

o) = (onl0) = exp{ ~5la* . dhlas) = Olag) = exp {~Flas | (41)

We define influence functional of electromagnetic vacuum

_ d*ay dza} dPoyn dal,  ~ ,

Floactoae [0(r), 0'()] = / 91 (on, Ol i) >

* * 7 * * * 7 *
Xt (ap) Uingi(af, 05, ty|tin, Oin, tin) din (tin) Gin (Cin ) Uin 1 (s, 0%, tr| i, O tin) 07 () =

s m ™ m

2wk

in tin

ty I
2 ’ ’
=exp{ — Z < % / / (eéfj;f(k, m)ex gy (k, 7)e T drdr! + b gt (k, m)eR gL (k, ' )e kT )drdr')
T, j

(42)



From sum over k to integral: Z = 3 5 [ dk

ty T

. wi (T1—7") /
_zk:2ka// lZE)\&: ]]M (k, )5, (k,7")e drdr’ =

tin tin

ty T

2wk

> ke ] gk, 1)y (k, 7)e " dxdx' dkdrdr’ =
A

tin tin

ty 1

o lz ehey ]ju x,7)ju (X', 7' )e —tk(x=x) g (7=7") g dx’ dkdrdr =
Wi

tin tin

2midk , ,
/// l 5 /ﬂ (Z 8§E§V> e~ tk(x—x) juw(r—7 )dk] ju(x,T)jV(X/ﬂ'/)ddeldeT'
7(' Wk
A

tin tin

Drv(x—x',7—7")

where D*¥(x — x', 7 — 7') is photon propagator !

1V.B. Berestetskii, E.M. Lifshitz, L.P. Pitaevskii Quantum Electrodynamics



- Influence functional of elect
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| ic field
I

F(vac|vac)[ (T)a 6,(7—)] = €xp

ty T
——///]M x, 7) D" (x — x', 7 — 7)j, (X, 7 )dxdx'drdr" —
4
twn tzn
ty T
~ I ///Ju x,7)D* (x —x', 7 — 7')j, (X', 7")dxdx'drdr’ ; (43)
tzn tZ'I’L
For t; — 00, t;;, — —00 we have relativistic invariant influence functional of electromagnetic vacuum
_ , e2 ) .
Fonsan 000 =exp { == [ [ (i)D" 0 = il + ) D

Yisle')) e’}
(44)
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Llnfluence functional of elect ic field

Fermionic density matrix evolution in coordinate representation

Mipw%tﬂ=i/95ﬁﬂhﬂﬂ©ﬂkﬂ©wﬁﬂpﬂ%mw%#mﬁ<

x exp {0 (SuulB(r),0()] = Saal (7). (7)]) | (45)
where Sy [¥(z), ¢ ()] is given by
st [B) 6] = [ Lputone (90). 6(2) da (46)
where Lagrangian density is
Luvac (V(x),9(x)) = L ((x), (7)) + Loae (P(z), () (47)
£r (9(a),9(0) = 5(0) (" o~ + U(f)) (@) (48)

Lo (9(0), (@) = = B@npe(a) [ D (o = o') 1o (49)
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Llnfluence functional of elect:
I

ic field

So we have effective Lagrangian

2
L= w(a:)(wu(‘)/‘ _ m)q/}(x) + z—ﬂ_j#(x) / Dl“’(x — q;’)jy(x/)dx/
The Euler-Lagrange equation for this model is

62

(10 — () +
where

[ o= ity i) =0

1
DM (z—a') =

/ 2midk
(2m)3
and

’ ’
<§ :EI;\EKU) e—zk(x—x )ezw(T—T )
Wk N

Ju(@') = P )y ip(a’)

(53)

(50)

(51)
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Llnfluence functional of elect: ic field

We note that obtaibed equation is non-linear. We present equation (45) in
two forms:

(17,0" = M) ¢p(x) =0 (54)

where

M= | [ D= i), (55)
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Llnfluence functional of elect: ic field

Quantum transition amplitude of electron in this model presents as path integral

K (¢(+00)[¢p(—00)) = /exp [0S un (¥ (), ¥ (x)) ] Dy () Dy (7) (56)
We find an equation for v(z) by the use of quasiclassal approximation [Feynman]

S gun [$(7), ()] =0 (57)

We consider an electron in a bound state (with potential energy U(#)). We find an equation for ¢(x) by
the use of (57) in the following form

(w“a% - m) ¥ (@) + (e [ D e =i @ ds =0 (58)

The equation (58) is nonlinear.
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Llnfluence functional of elect: ic field

We write the equation in the form 2

e (F0) = (@D + fme? + U (M) 6 (70) + ©7,(0) / D" (& —a') ju(a)da’  (59)

We present (7, t) = e~ #Plypp (7).
Then

Bue (7) = (e + Bme® + U() 6e() + Li() [ DV (@~ 2)j(e)ds’ (60)

The equation (60) allows us to find the energy E and wave function ¢ (r) of an electron with the
influence of vacuum fluctuations.

2Quantum electrodynamics by A. I. Akhiezer, V. B. Berestetskii
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Llnfluence functional of electromagnetic field vacuum

In nonlinear equation (60) the second term is small. Then (60) we present as
Evg (7) = (cdp + me® + U(F)) Yp(F) (61)
For a spherically symmetric potential U = —ZT& we have E,; and v,; where j =1+ 1/2, | — orbital
quantum number, n — principal quantum number.
Enjwnj (77) = (C&ﬁ + ﬁmCQ + U('F)) wnj (F) (62)

We assume that the values found by solving the equation (62) are the first approximation in the solution
of equation (60). We find electron energy with the influence of vacuum fluctuations from equation (60)

2
By = (e + Bme? +U(r)) g + 1 utbns (1,6, ) / D" (z —a') j,(a')da’  (63)
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Llnfluence functional of elect: ic field

We multiply the equation from the left by ¢ (r, 6, #) and using the equation (62). Then we integrate over
7,0, ([, (x)n;(x)dx = 1). After that we find Epge:

B = By + = / [ Busteran @D o = o) (o) (64)

The equation (64) describe electron energy E}%¢ in quantum state v,,;(x) with the influence of vacuum
fluctuations. The corresponding energy shift has the following form

2
8B = [ [ @hibns (@D @ - o) (') (65)



Thanks for your attention!
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