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Discription of the dynamics of fermions by the influence functional methood

The Feynman-Vernon Influence Functional approach
R.P. Feynman, F.L. Vernon, Jr. The Theory of a General Quantum
System Interacting with a Linear Dissipative System,
Annals of Physics 24, 118–173.

«. . . It is shown that the effect of the external systems in such a formalism
[paths integral formalism] can always be included in a general class of
functionals (influence functionals) of the coordinates of the system only . . . »



Discription of the dynamics of fermions by the influence functional methood

Quantum electrodynamics

QED Lagrangian,Hamiltonian. Classical model.

L(x) = ψ(x)(ıγµ∂µ −m)ψ(x)− 1

4
Fµν(x)F

µν(x)− ejµ(x)Aµ(x) (1)

where

Fµν(x) = ∂µAµ(x)− ∂νAµ(x) (2)

jµ(x) = ψ(x)γµψ(x) (3)

Hfull = Hsys +Hfield +Hint (4)
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Evolution equation for statistical operator

Quantum model.Second quantization. Evolution equation for
statistical operator ρ̂(tf)

ρ̂(tf) = Û(tf , tin)ρ̂(tin)Û
†(tf , tin) (5)

where ρ̂(tin) is statistical operator, describing initial state at moment tin,
Û(tf , tin) — evolution operator.

Û(tf , tin) = T̂ exp[− ı
~

∫ tf

tin

Ĥfull(τ)dτ ]. (6)

where Ĥfull:

Ĥfull = Ĥsys + Ĥfield + Ĥint (7)
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Evolution equation for statistical operator

ψ̂(x, t) =
∑

p,σ=1,2

1√
2V ω

(f)
p

(
b̂pσuσ(p)e

ıpx + ĉ†pσuσ(−p)e−ıpx
)
, (8)

ψ̂(x, t) =
∑

p,σ=1,2

1√
2V ω

(f)
p

(
b̂†pσuσ(p)e

−ıpx + ĉpσuσ(−p)eıpx
)
, (9)

ĵµ(x, t) = ψ̂(x, t)γµψ̂(x, t) (10)

Âµ(x, t) =
∑

k,λ=1,2

1√
2V ω

(b)
k

εµλ

(
âkλe

ıkx + â†kλe
−ıkx
)

(11)
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Evolution equation for statistical operator

Ĥfull =
∑

p,σ=1,2

ω(f)
p

(
b̂†pσb̂pσ + ĉ†pσĉpσ

)
+
∑

k,λ=1,2

ω
(b)
k â†kλâkλ+

+e
∑

k,λ=1,2

ı√
2ω

(b)
k V

(
εµλĵ

+
µ (k, t)âkλ + ε∗µλ ĵ

−
µ (k, t)â

†
kλ

)
(12)

where

ĵ+
µ (k, t) =

∫
ĵµ(x, t)e

ıkxdx, ĵ−µ (k, t) =

∫
ĵµ(x, t)e

−ıkxdx (13)
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Evolution equation for statistical operator

Coherent states for electromagetic field

âkλ|αkλ〉 = αkλ|αkλ〉, 〈αkλ|â†kλ = 〈αkλ|α∗kλ, (14)

where αkλ — complex value, which describe states k mode of quantum
electromagnetic field. These states (|α〉) are non-orthogonal:

〈α′k′λ′|αkλ〉 = δk′kδλ′λ exp

{
−1
2

(
|α′k′λ′|2 + |αkλ|2 − 2α′∗k′λ′αkλ

)}
. (15)

There is resolution of the identity operator:∫
|αkλ〉〈αkλ|

d2αkλ

π
= 1̂. (16)



Discription of the dynamics of fermions by the influence functional methood

Evolution equation for statistical operator

Grassman states for Dirac field

b̂p,σ|θp,σ〉 = θp,σ|θp,σ〉, 〈θp,σ|b̂†p,σ = 〈θp,σ|θp,σ, (17)

where θp,σ — grassman variable. These states (|θ〉) are non-orthogonal:

〈θ′p′σ′|θpσ〉 = δp′pδσ′σ exp

{
−1
2

(
θ
′
p′σ′θ

′
p′σ′ + θpσθpσ − 2θ

′
p′σ′θpσ

)}
. (18)

There is resolution of the identity operator:∫
|θpσ〉〈θpσ|

d2θpσ
π

= 1̂. (19)
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Evolution equation for statistical operator

Grassman variables properties
For two grassman variables θ and η

θη + ηθ = 0 or θη = −ηθ so θ2 = 0 (20)

Then ∫
dθf(θ) =

∫
dθ(A+Bθ) = B. (21)

and ∫
dθ∗dθe−θ

∗bθ = b (22)

and (∏
i

∫
dθ∗i dθ

)
θkθ
∗
l e
−θ∗iBijθj =

detB

Bkl

(23)
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Holomorphic representation

Evolution equation for density matrix in holomorphic
representation |θpσ, αkλ〉 = |θpσ〉 ⊗ |αkλ〉
The density matrix:

ρ(α∗f , θf , α
′
f , θ
′
f ; tf ) = 〈θf , αf |ρ̂(tf )|θ′f , α′f〉 (24)

The kernel of evolution operator:

U(α∗f , θf , tf |αin, θin, tin) = 〈θf , αf |Û(tf , tin)|θin, αin〉 (25)

The evolution equation:

ρ(α∗f , θf , α
′
f , θ
′
f ; tf ) =

∫
d2α′in
π

d2θ′in
π

d2αin
π

d2θin
π
×

×U(α∗f , θf , tf |αin, θin, tin)ρ(α∗in, θin, α′in, θ′in; tin)U∗(α′f , θ′f , tf |α′∗in, θ
′
in; tin) (26)
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The kernel of evolution operator as a path integral

The kernel of evolution operator as a path integral

U(α∗f , θf , tf |αf , θf , tin) =
∫

Dα∗(τ)Dα(τ)Dθ(τ)Dθ(τ)×

× exp
{
ıSfull

[
α∗(τ), α(τ), θ(τ), θ(τ)

]}
, (27)

where action

Sfull
[
α∗(τ), α(τ), θ(τ), θ(τ)

]
=

= Sf
[
θ(τ), θ(τ)

]
+ Sb [α

∗(τ), α(τ)] + Sint
[
α∗(τ), α(τ), θ(τ), θ(τ)

]
. (28)
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The kernel of evolution operator as a path integral

Action of fermionic field:

Sf
[
θ(τ), θ(τ)

]
=

∫ tf

tin

(
θ̇(τ)θ(τ)− θ(τ)θ̇(τ)

2ı
− ω(f)θ(τ)θ(τ)

)
dτ (29)

Action of bosonic field:

Sb [α
∗(τ), α(τ)] =

∫ tf

tin

(
α̇∗(τ)α(τ)− α∗(τ)α̇(τ)

2ı
− ω(b)α∗(τ)α(τ)

)
dτ (30)

Action of interaction part:

Sint
[
α∗(τ), α(τ), θ(τ), θ(τ)

]
=

∫ tf

tin

ejµ(θ(τ), θ(τ))(ε∗µα
∗(τ) + εµα(τ))]dτ ; (31)
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The Feynman-Vernon influence functional

Evolution of density matrix in paths integral formulation

We have

ρ(α∗f , θf , α
′
f , θ
′
f ; tf ) =

∫
d2α′in
π

d2θ′in
π

d2αin
π

d2θin
π

ρ(α∗in, θin, α
′
in, θ

′
in; tin)×

×Dα∗(τ)Dα(τ)Dθ(τ)Dθ(τ)Dα′∗(τ)Dα′(τ)Dθ′(τ)Dθ′(τ)×

× exp
{
ı
(
Sfull

[
α∗(τ), α(τ), θ(τ), θ(τ)

]
− Sfull

[
α′∗(τ), α′(τ), θ

′
(τ), θ′(τ)

])}
, (32)
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The Feynman-Vernon influence functional

Fermionic density matrix and influence functional

ρ(θf , θ
′
f ; tf ) = Spαf=α′

f
ρ(α∗f , θf , θ

′
f , α

′
f ; tf ) =

∫
dθ′fdθfDθ(τ)Dθ(τ)Dθ

′
(τ)Dθ′(τ)dθ′indθin×

× exp
{
ı
(
Sf [θ(τ), θ(τ)]− Sf [θ

′
(τ), θ′(τ)]

)}
F [θ(τ), θ′(τ)] (33)

where F [θ(τ), θ′(τ)] is influence functional of electromagnetic field on fermionic subsystems.

F [θ(τ), θ′(τ)] = Spαf=α′
f

∫
Dα∗(τ)Dα(τ)Dα′∗(τ)Dα′(τ)

d2αin
π

d2α′in
π

ρ(α∗in, θin, α
′
in, θ

′
in; tin)×

× exp
{
ı
(
Sb [α

∗(τ), α(τ)] + Sint
[
α∗(τ), α(τ), θ(τ), θ(τ)

]
− Sb

[
α′∗(τ), α′(τ)

]
− Sint

[
α′∗(τ), α′(τ), θ

′
(τ), θ′(τ)

])}
(34)

In many cases, we can choose at initial moment tin

ρ(α∗in, θin, α
′
in, θ

′
in; tin) = ρf (θin, θ

′
in; tin)× ρb(α∗in, α′in; tin) (35)
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The Feynman-Vernon influence functional

Influence functional of electromagnetic field

F [θ(τ), θ′(τ)] =

∫
Spαf=α′f

d2αin
π

d2α′in
π
×

×Uinfl(α∗f , θf , tf |αin, θin, tin)ρ(α∗in, θin, α′in, θ′in; tin)U∗infl(α′f , θ′f , tf |α′∗in, θ
′
in; tin) (36)

where Uinfl(α∗f , θf , tf |αin, θin, tin) is electromagnetic field transition amplitude from initial
state |αin〉 to final state |α∗f〉 inducing by external source j:

Uinfl(α
∗
f , θf , tf |αin, θin, tin) =

∫
Dα∗(τ)Dα(τ) exp {ıSinfl[α∗(τ), α(τ), x(τ)]} (37)

where Sinfl
[
α∗(τ), α(τ), θ(τ), θ(τ)

]
= Sb [α

∗(τ), α(τ)] + Sint
[
α∗(τ), α(τ), θ(τ), θ(τ)

]
. In

general, influence functional (26) describes the influence (action) of electromagnetic field
on fermionic field.
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The Feynman-Vernon influence functional

Functional integration over electromagnetic field paths

Uinfl(α
∗
f , θf , tf |αin, θin, tin) = exp

e−ıω(tf−tin)α∗fαin − e2
tf∫

tin

τ∫
tin

εµj+µ (τ)ε∗νj−ν (τ ′)eıω(τ−τ
′)dτdτ ′ −

− ıαine

tf∫
tin

εµj+µ (τ)e−ıω(τ−tin)dτ − ıα∗fe
tf∫

tin

ε∗µj−µ (τ)e−ıω(tf−τ)dτ


(38)

For multimode field and two polarizations without interaction between modes

Uinfl =
∏
k,λ

U
(k,λ)
infl (39)
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The Feynman-Vernon influence functional

Uinfl(α
∗
f , θf , tf |αin, θin, tin) =

=
∏

k,λ=1,2

exp

e−ıωk(tf−tin)α
(f)∗
kλ α

(in)
kλ −

e2

2ωkV

tf∫
tin

τ∫
tin

εµλj
+
µ (k, τ)ε∗νλ j

−
ν (k, τ ′)eıωk(τ−τ ′)dτdτ ′ −

− ıα
(in)
kλ

e√
2ωkV

tf∫
tin

εµλj
+
µ (k, τ)e−ıωk(τ−tin)dτ − ıα(f)∗

kλ

e√
2ωkV

tf∫
tin

ε∗µλ j
−
µ (k, τ)e−ıωk(tf−τ)dτ

 =

= exp

∑
k,λ

e−ıωk(tf−tin)α∗fαin −
e2

2ωkV

tf∫
tin

τ∫
tin

εµλj
+
µ (k, τ)ε∗νλ j

−
ν (k, τ ′)eıωk(τ−τ ′)dτdτ ′ −

− ıαin
e√

2ωkV

tf∫
tin

εµλj
+
µ (k, τ)e−ıωk(τ−tin)dτ − ıα∗f

e√
2ωkV

tf∫
tin

ε∗µλ j
−
µ (k, τ)e−ıωk(tf−τ)dτ

 (40)
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Influence functional of electromagnetic field vacuum

Vacuum influence functional
For the case when initial and final states of electromagnetic field are vacuum:

φin(αin) = 〈αin|0〉 = exp

{
−1

2
|αin|2

}
, φ∗f (αf ) = 〈0|αf〉 = exp

{
−1

2
|αf |2

}
. (41)

We define influence functional of electromagnetic vacuum

F〈vac|vac〉[θ(τ), θ
′(τ)] =

∫
d2αf
π

d2α′f
π

d2αin
π

d2α′in
π

ρf (θin, θ
′
in; tin)×

×φ∗f (αf )Uinfl(α∗f , θf , tf |αin, θin, tin)φin(αin)φ∗in(α′in)U∗infl(α′f , θ′f , tf |α′∗in, θ
′
in; tin)φ

∗
f (α
′
f ) =

= exp

−
∑
k,λ

e2

2ωkV

tf∫
tin

τ∫
tin

(
εµλj

+
µ (k, τ)ε

∗ν
λ j
−
ν (k, τ

′)eıωk(τ−τ ′)dτdτ ′ + εµλj
′+
µ (k, τ)ε∗νλ j

′−
ν (k, τ ′)e−ıωk(τ−τ ′)dτdτ ′

)
(42)



From sum over k to integral:
∑
k

→ V
(2π)3

∫
dk

−
∑
k

e2

2ωkV

tf∫
tin

τ∫
tin

[∑
λ

εµλε
nu
λ

]
j+µ (k, τ)j−ν (k, τ ′)eıωk(τ−τ ′)dτdτ ′ =

= − e2

(2π)3

tf∫
tin

τ∫
tin

∫
1

2ωk

[∑
λ

εµλε
∗ν
λ

]
j+µ (k, τ)j−ν (k, τ ′)eıω(τ−τ

′)dxdx′dkdτdτ ′ =

= − e2

(2π)3

tf∫
tin

τ∫
tin

∫
1

2ωk

[∑
λ

εµλε
∗ν
λ

]
jµ(x, τ)jν(x′, τ ′)e−ık(x−x

′)eıω(τ−τ
′)dxdx′dkdτdτ ′ =

= − e2

4πı

tf∫
tin

τ∫
tin

∫ [
1

(2π)3

∫
2πıdk

ωk

(∑
λ

εµλε
∗ν
λ

)
e−ık(x−x

′)eıω(τ−τ
′)dk

]
︸ ︷︷ ︸

Dµν(x−x′,τ−τ ′)

jµ(x, τ)jν(x′, τ ′)dxdx′dτdτ ′

where Dµν(x− x′, τ − τ ′) is photon propagator 1.

1V.B. Berestetskii, E.M. Lifshitz, L.P. Pitaevskii Quantum Electrodynamics
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Influence functional of electromagnetic field vacuum

F〈vac|vac〉[θ(τ), θ′(τ)] = exp

− e2

4πı

tf∫
tin

τ∫
tin

∫
jµ(x, τ)Dµν(x− x′, τ − τ ′)jν(x′, τ ′)dxdx′dτdτ ′ −

− e2

4πı

tf∫
tin

τ∫
tin

∫
j′µ(x, τ)Dµν(x− x′, τ − τ ′)j′ν(x′, τ ′)dxdx′dτdτ ′

 (43)

For tf →∞, tin → −∞ we have relativistic invariant influence functional of electromagnetic vacuum:

F〈vac|vac〉[θ(τ), θ′(τ)] = exp

{
− e2

4πı

∫ ∫ (
jµ(x)Dµν(x− x′)jν(x′) + j′µ(x)Dµν(x− x′)j′ν(x′)

)
d4xd4x′

}
(44)
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Influence functional of electromagnetic field vacuum

Fermionic density matrix evolution in coordinate representation

ρ(ψf , ψ
′
f ; tf ) =

∫
Dψ(τ)Dψ(τ)Dψ

′
(τ)Dψ′(τ)ρf (ψin, ψ

′
in; tin)×

× exp
{
ı
(
Sfull[ψ(τ), ψ(τ)]− Sfull[ψ

′
(τ), ψ′(τ)]

)}
(45)

where Sfull
[
ψ(x), ψ(x)

]
is given by

Sfull
[
ψ(τ), ψ(τ)

]
=

∫
Lfullvac

(
ψ(x), ψ(x)

)
dx (46)

where Lagrangian density is

Lfullvac
(
ψ(x), ψ(x)

)
= LF

(
ψ(x), ψ(x)

)
+ Lvac

(
ψ(x), ψ(x)

)
(47)

LF
(
ψ(x), ψ(x)

)
= ψ(x)

(
ıγµ

∂

∂xµ
−m+ U(~r)

)
ψ(x) (48)

Lvac
(
ψ(x), ψ(x)

)
=
e2

4π
ψ(x)γµψ(x)

∫
Dµν (x− x′) jν(x′)dx′ (49)
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Influence functional of electromagnetic field vacuum

So we have effective Lagrangian

L = ψ(x)(ıγµ∂
µ −m)ψ(x) +

e2

4π
jµ(x)

∫
Dµν(x− x′)jν(x′)dx′ (50)

The Euler–Lagrange equation for this model is

(ıγµ∂
µ −m)ψ(x) +

e2

4π

[∫
Dµν(x− x′)jν(x′)dx′

]
γµψ(x) = 0 (51)

where

Dµν(x− x′) =
1

(2π)3

∫
2πıdk

ωk

(∑
λ

εµλε
∗ν
λ

)
e−ık(x−x

′)eıω(τ−τ
′) (52)

and

jν(x′) = ψ(x′)γνψ(x′) (53)
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Influence functional of electromagnetic field vacuum

We note that obtaibed equation is non-linear. We present equation (45) in
two forms:

(ıγµ∂
µ −M)ψ(x) = 0 (54)

where

M = m− e2

4π

[∫
Dµν(x− x′)jν(x′)dx′

]
γµ (55)
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Influence functional of electromagnetic field vacuum

Quantum transition amplitude of electron in this model presents as path integral

K (ψ(+∞)|ψ(−∞)) =

∫
exp

[
ıSfull

(
ψ(x), ψ(x)

)]
Dψ(τ)Dψ(τ) (56)

We find an equation for ψ(x) by the use of quasiclassal approximation [Feynman]

δSfull
[
ψ(τ), ψ(τ)

]
= 0 (57)

We consider an electron in a bound state (with potential energy U(~r)). We find an equation for ψ(x) by
the use of (57) in the following form(

ıγµ
∂

∂xµ
−m

)
ψ (x) +

e2

4π
γµψ(x)

∫
Dµν (x− x′) jν (x′) dx′ = 0 (58)

The equation (58) is nonlinear.
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Influence functional of electromagnetic field vacuum

We write the equation in the form 2

ı
∂

∂t
ψ (~r, t) =

(
c~αp̂+ βmc2 + U (~r)

)
ψ (~r, t) +

e2

4π
γµψ(x)

∫
Dµν (x− x′) jν(x′)dx′ (59)

We present ψ(~r, t) = e−
ı
~EtψE(~r).

Then

EψE (~r) =
(
c~αp̂+ βmc2 + U(~r)

)
ψE(~r) +

e2

4π
γµψ(x)

∫
Dµν (x− x′) jν(x′)dx′ (60)

The equation (60) allows us to find the energy E and wave function ψE(r) of an electron with the
influence of vacuum fluctuations.

2Quantum electrodynamics by A. I. Akhiezer, V. B. Berestetskii
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Influence functional of electromagnetic field vacuum

In nonlinear equation (60) the second term is small. Then (60) we present as

EψE (~r) =
(
c~αp̂+ βmc2 + U(~r)

)
ψE(~r) (61)

For a spherically symmetric potential U = −Ze
2

r we have Enj and ψnj where j = l + 1/2, l — orbital
quantum number, n — principal quantum number.

Enjψnj (~r) =
(
c~αp̂+ βmc2 + U(~r)

)
ψnj(~r) (62)

We assume that the values found by solving the equation (62) are the first approximation in the solution
of equation (60). We find electron energy with the influence of vacuum fluctuations from equation (60)

Evacnj ψnj =
(
c~αp̂+ βmc2 + U(r)

)
ψnj +

e2

4π
γµψnj (r, θ, φ)

∫
Dµν (x− x′) jν(x′)dx′ (63)
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Influence functional of electromagnetic field vacuum

We multiply the equation from the left by ψ(r, θ, φ) and using the equation (62). Then we integrate over
r, θ, φ (

∫
ψnj(x)ψnj(x)dx = 1). After that we find Evacnj :

Evacnj = Enj +
e2

4π

∫ ∫
ψnj(x)γµψnj(x)Dµν (x− x′) jν(x′)dx′ (64)

The equation (64) describe electron energy Evacnj in quantum state ψnj(x) with the influence of vacuum
fluctuations. The corresponding energy shift has the following form

∆Evacnj =
e2

4π

∫ ∫
ψnj(x)γµψnj(x)Dµν (x− x′) jν(x′)dx′ (65)
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