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Introduction

General Relativity - current description of gravity in modern physics

Consider modified gravity:

presence of torsion: Sξ
µν = Γξ

µν − Γξ
νµ 6= 0;

metric and connection are independent variables (Palatini Formalism):
Γα
ρν 6= 1

2gασ(∂ρgσν + ∂νgρσ − ∂σgνρ).

the geometry of the space-time −→ electromagnetic potential

N. Kharuk (SPBU) QFTHEP 2017 2 / 12



Gravity field equations without matter

The Einstein-Hilbert action:

S1 = − 1
2κ

∫
d4x
√
−gR , (1)

where κ - Einstein‘s constant, R - the scalar curvature, g ≡ det gµν .
The minimal action principle gives:{

Rνµ + Rµν − Rgµν = 0;

Dρgσν = 1
3gσνSα

ρα + 1
3gσξSα

ξαδ
ν
ρ + g ξσSν

ρξ.
(2)
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Gravity field equations without matter

Consider equations

Dρgσν =
1
3
gσνSα

ρα +
1
3
gσξSα

ξαδ
ν
ρ + g ξσSν

ρξ. (3)

It is solved by

Γρ
µν = Γ̂ρ

µν + fµδρν −→ Γρ
µν −

1
4

Γα
µαδ

ρ
ν = Γ̂ρ

µν −
1
4

Γ̂α
µαδ

ρ
ν , (4)

where Γ̂ρ
µν = 1

2gασ(∂ρgσν + ∂νgρσ − ∂σgνρ) - Christoffel symbols,
fµ - arbitrary vector.
The invariance of the action under transformation:

Γρ
µν −→ Γρ

µν + θµδ
ρ
ν . (5)
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Addition of matter

Point-like particle

S2 = −m
∫

dτ
√

ẋµẋνgµν . (6)

Interaction with the field of connection

S3 = −q
∫

dτ ẋµΓν
µν (7)

Remark. Now the action S1 + S2 + S3 is invariant under a narrow group of
transformations:

Γρ
µν −→ Γρ

µν + δρν∂µθ. (8)
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Addition of kinetic term

Problem: incompatible equation of motion

ẋ = 0.

Consequently, we need to add the kinetic term:

S4 = − 1
16π

∫
d4x
√
−gΩαβΩδγgαδgβγ , (9)

where Ωλρ ≡ Rµ
µλρ = (∂λΓξ

ρξ − ∂ρΓξ
λξ).

The total action

S = S1 + S2 + S3 + S4 = − 1
2κ

∫
d4x
√
−gR −m

∫
dτ

√
ẋµẋνgµν−

− q
∫

dτ ẋµΓν
µν −

1
16π

∫
d4x
√
−gΩαβΩδγgαδgβγ (10)
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Variation

Varying with respect to the metric δg:

R̂µν − 1
2
R̂gµν = κTµν , (11)

where R̂µν and R̂ - Riemannian geometry objects,

Tµν = ρmuµuν − 1
4π

(ΩµαΩν
α −

1
4
gµνΩαβΩαβ) (12)

stress-energy tensor,
uµ = ẋµ 1√

ẋαẋβgαβ

-four-velocity, ρm = m
∫

dsδ(x − x(s)) 1√
−g(x(s))

- mass

density.
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Variation

Minimizing geodesic xµ(τ)

muµD̂µuα = −quξΩξα. (13)

Varying with respect to the connection Γµ
νρ{

Γρ
µν − 1

4Γα
µαδ

ρ
ν = Γ̂ρ

µν − 1
4 Γ̂α

µαδ
ρ
ν ,

D̂µΩνµ = 4πjµ,
(14)

where jµ = q
∫

dsuµδ(x − x(s)) 1√
−g(x(s))

.
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Gravity field equations with matter

Finally we arrived at
R̂µν − 1

2 R̂gµν = κTµν ;

muµD̂µuα = −quξΩξα;

Γρ
µν − 1

4Γα
µαδ

ρ
ν = Γ̂ρ

µν − 1
4 Γ̂α

µαδ
ρ
ν ;

D̂µΩνµ = 4πjµ,

(15)

where Ωλρ ≡ Rµ
µλρ = (∂λΓξ

ρξ − ∂ρΓξ
λξ).

If q - charge of the particle, and Γξ
ρξ ≡ Aρ - the potential of the

electromagnetic field, thus we constructed electrodynamics in a
gravitational field.
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Historical remark

Hermann Weyl (1918): gauge invariance g ′µν(x) = e2λ(x)gµν(x);
Arthur Eddington (1921): the natural gauge of the world
Rαβ + Rβα = Λgαβ
Schouten, Friedmann (1923-24): presence of torsion: Γξ

µν − Γξ
νµ 6= 0.

N. Kharuk (SPBU) QFTHEP 2017 10 / 12



Historical remark

Albert Einstein (1917 - 1925): Γξ
µν − Γξ

νµ 6= 0;
gµν − gνµ 6= 0;

Γα
ρν 6= 1

2gασ(∂ρgσν + ∂νgρσ − ∂σgνρ).

Obuhov, Krechet (1978): Γξ
µν − Γξ

νµ 6= 0;
Γα
ρν 6= 1

2gασ(∂ρgσν + ∂νgρσ − ∂σgνρ).
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Results

In the model of gravity with independent nonsymmetric connection
with presence of matter - point-like particle, we get a unified theory of
gravity and electromagnetism.
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