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The amplitude of the process γ → γ + γ in a strong
magnetic field

γ → γ + γ

Figure: Photon decay
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The invariant amplitude for the process γ → γ + γ has the form

M = e3
∫

d4Xd4Y Sp[ε̂(k)S(Y )ε̂(k ′′)S(−X − Y )ε̂(k ′)S(X )]

∗ e−ie(XFY )/2e i(k
′X−k ′′Y ) + (γ′ → γ′′)

where X = z − x , Y = x − y , S(X ) — the exact electronic
propagator.

S(X ) =
iβ
2π

e−
βX2
⊥

4

∫ d2q‖
(2π)2

(qγ)‖ + me

q2
‖ −m2

e
Π−e−i(qX )‖ ,

Π− =
1
2

(
1− iγ1γ2

)
Further calculations are conveniently carried out by passing to
partial amplitudes:

Mλλ′λ′′ = M(ε(λ)(k), ε(λ′)(k ′), ε(λ′′)(k ′′)), λ, λ′, λ′′ = 1, 2.
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The spitting probability of a photon in a strong magnetic
field

The splitting probability of a photon in a strong magnetic field has
the form:

Wλλ′λ′′(γ → γ′ + γ′′) =
g

32π2ω

∫
|Mλλ′λ′′ |2ZλZλ′Zλ′

δ
(
ωλ(k)− ωλ′(k ′)− ωλ′′(k − k ′)

) d3k ′

ωλ′ωλ′′

where g = 1− 1
2δλ′λ′′ , Z1 = 1

1− ∂Π

∂q2
⊥

, Z2 = 1
1− ∂Π

∂q2
‖

, Π — photon

polarization operator.
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Photon polarization operator with the positronium
contribution taken into account

1) The probability of a photon decay into a free e+e−-pair

Im(Πe+e−) = −ωWγ→e+e− = −4α(eB)m2
ee
− q2
⊥

2eB√
q2
‖(q

2
‖ − 4m2

e)
θ(q2
‖ − 4m2

e)

2) The probability of a photon decay into the bounded e+e−-pair
(positronium)

Im(ΠPs) = −ωWγ→Ps = −4παM(eB)|χ(0)|2e−
q2
⊥

2eB δ(q2
‖ −M2)

M = 2me − ε is the mass of the positronium, ε is the binding
energy, χ(z) is the wave function of a positronium in a strong
magnetic field.
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The positronium contribution to the photon polarization operator:

ΠPs = − 2α(eB)|χ(0)|2z
me(1− ε

me
− z)

e−
q2
⊥

2eB

The expression for the polarization operator can be written as:

Π = −2α(eB)e−
q2
⊥

2eB

{ 1
π

H(z) +
λz

1− λ2 − z

}

H(z) =

1∫
0

dx
1− z(1− x2)− i0

− 1

z =
q2
‖

4m2
e
, λ = α

2ν
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The binding energy and wave function of a positronium in a
strong magnetic field

The wave function χ(z) satisfies the Schrödinger equation:(
− 1

2µ
∂2

∂z2 + Ueff (z) + ε
)
χ(z) = 0

µ = me/2 is the reduced mass
The “effective” potential energy Ueff has the form:

Ueff (z) = − α

2π

∞∫
−∞

e−
x2+y2

2 dxdy√
x2

eB +
(
y + P⊥√

eB

)2
1
eB + z2

P⊥ is the component of the positronium momentum transversal to
the magnetic field.
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The solution of the Schrödinger equation has the form:

χ(z) = χ(0)
Wν, 12

(αme
ν |z |)

Wν, 12
(0)

,

where Wν, 12
(x) is the Whittaker function. The binding energy has

the form:

ε =
α2me

4
1
ν2

The ν parameter can be found from the equation:

1
ν
− 2 ln ν + 2ψ(1− ν) = ln

2b
α2 − ln ρ+ Ei (−ρ)− 4γE

Mosichkin A.F. The splitting of a photon in a strong magnetic field with taking account of the positronium in the polarization operator . . .



b = B
Be

, ρ =
P2
⊥

2eB , Be ≈ 4, 41 · 1013G is the critical magnetic field.

ψ(x) = Γ′(x)
Γ(x) is the logarithmic derivative of the gamma function,

γE = 0.5772... is the Euler constant,

Ei (−x) =
−x∫
−∞

et

t dt is the integral exponent. The value |χ(0)|2 can

be found from the normalization condition:
∞∫
−∞

dz |χ(z)|2 = 1

In the approximation ν � 1 we obtain:

|χ(0)|2 ≈ αme

2ν
(1− 2ν + ...)
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Photon dispersion with taking account of the positronium
influence

q2
‖ − q2

⊥ = Π(q‖, q⊥)

x =
q2
⊥

4m2
e
, z =

q2
‖

4m2
e
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Conclusions

We have calculated the decay probability of a photon to the
free and the bounded e+e−-pair.
We have found the energy levels and the wave functions of a
positronium in a strong magnetic field.
We have obtained the expression for the photon polarization
operator with taking account of the positronium.
We have investigated the photon dispersion in a strong
magnetic field with taking account of the positronium.
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