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-
Yang—Mills theory

The basic concepts of this work

Assume, G is a compact group of charges, & is the Lie algebra.
Assume t? are the generators of the lie algebra.
tr[-, -] is the Killing form.

A(x) = AL (x)t?dx"

F=dA+ANA

The classical action of the theory of Yang — Mills

1 %
Va

where g = 5=, a « is the coupling constant.
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Effective action

The differential operators defining the quadratic form
M; = Vgéw, + 2[F,W, ] , My = Vi J

The action unfolds in a series of views
1 o
W(B,a) = ~W.1(B) + ) o Wi(B),
k=0

where
W_1(B) = [trF2,d*x  Wo(B) = —5 Indet My + Indet My

and W, , n=1,2... are defined as the contribution of strongly connected
vacuum diagrams with n + 1 loops, constructed via Green functions.
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The first correction

The functional Wjo0,(B) can be defined via the proper time method of
Fock giving formula

o0

ds
Waoon(B) = [ £ (TolB) + Ti(B.5)),
0
where
_1 - _
To(B) = 581 W_1 S|l_r110 Ti(s)=0
Then
1/A2 oo
d: d:
Wi B) = [ STuBs)+ [ S(T(8) + Tu(B.s)
0 1/A2

So the only divergence is proportional to the classical action and can be
compensated by the renormalization of the coupling constant «.
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re; /\
Wiloop(B> N) = Woo(B, 1) + f log <M) Wi

Input dependence of the coupling constant o on A as

=5

and define the renormalized running coupling constant as
1
L (%)
a(p) m
so that

] 1
leip(B) = mw—l + Woo

This function «a(-) satisfies the first approximation to Gell-Mann Low
equation

d
Xa@(x) = B1a?(x)
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The main model

Action before regularization

1 o 0]
W(a) = ~W.1+ > o w
k=0

Regularization and renormalization

W(a) =, WrEg(aaAau/) = Wreg(a(/\)7/\7ﬂ):Wren(ar(ﬂ)aﬂ)

v

The structure of the action after regularization
Wo = Woo + Wop 1

W= > LKWy i>1
k=0

where L = log %
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The main model

Problem

Wreg(a(N), A, 1) = (A) 1+LW01+ZZWnka
n=0 k=0

da(h)

AT = Bla(),

dWreg(a(A)al\:M)
dA

=0,

where -
x) = Zﬁi+1xi+2
i=0

We want to find the recurrent relations on the coefficients and find the
function a(A).
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The main model

Results

The new coupling constant has the form

LB()

Oér(/,[/) =e 6aa‘a=a(/\)7

The renormalized action has the form

Wien(ur (), 1) = et (Z W,,7004n>
a=a(N)

n=-1
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The main model

The solution of recurrent relations has the form

Wo1 = W_1f1,
m—n
Winn=W-_1=p -1,m—n+1 + Z Wio=nim-n-i,m=21l,n=1...m,
i=0

where

k(-1)" &
=n,k,i = T Z s Z le-i-lﬁjz—jl-i-l e Bi—jn—l"rl'

Jjn—1=0  j1=0
(it2+k=1)...Un-1+2+(n—=2)+ (k—1))
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Heat kernel

Green function

The fundamental solution for the operator Ag = —0,,0,, satisfies the
equation

AoG(x.y) = d(x — y). )

BUT according to the method of the heat kernel we can find a function
Ko(x, y; T) that satisfies the problem

{(687 + Ao) Ko(x,y;7) =0
Ko(x,:0) = 6(x = y),

Then we have

GO(X7y):/dTKO(X7y;T)'
0
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Heat kernel

Determinant of operator

Suppose that we have two "good"operators: Ay and A;. Using these
operators, we can construct heat kernels

Ao —  Ko(x,y;7)
Al —  Ki(x,y; 7).

In this case we can write formula
-

o
d
Indet A1 /Ag = / Tir (e — e*AOT)
0

GOOD!
But how to build a heat kernal???
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Heat kernel

System of differential equations

Suppose that B, (x) € & for Vx. Then we define the operator A = D,,D,,,
where D,, = 0,, + B,,. In this case we can find our solution in the form

oo
K(x,yi7) = Kolxoyi 1) S 7"an(x, ),
n=0

where Ko(x,y; 7) is heat kernel for Laplace operator Ay.
The relations have the form:

(x —y)Dyao(x,y) =0
((n+1) + (x = ¥)"Dy) ant1(x, y) = Aan(x, y)

But how to calculate an arbitrary order??7?
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The first equation

The path-ordered exponential

d(x, y) :—1+i(—1)"/1/1.../1d51...ds,,
0 0 0

n=1

dz)* dzvr

& T;Byl(zl) .
satisfies the integral equation
1
olxy) =1+ [ ds % 2B, (2() 0(z(5). )

0

and the differential equation with the boundary condition
(x =y)'Du®(x,y) =0, &(x,x) =1
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Heat kernel

The classical solution for the problem

((n+1) + (x = ¥)"Vyu) anta(x, ) = Aan(x, y)
Wn+1(X7y) € Loo(Rd)

has the form
1
ant1(x,y) = /dss”¢(x,z(s))Aa,,(z(s),y)
0
BUT how to calculate?

CAN we write an arbitrary order?

A.V.lvanov (SPBU/PDMI) QFTHEP 2017 14 /19



Diagrammatic of heat kernel

The basic properties of path-ordered exponential:
o O(x,x)=1
° o7 (x,y) = (y,x)
d(x,z)P(z, y) =d(x,y) if x € {(1—s)y +sx,s € R}

D (D X y fdSSdZ”(D(X’Z)Fy’”(z)q)(z’y)

1
0y, (x,y) = ®(x, y)Bu(y) + bf ds(1 — 5) %20 (x, 2)Fuu(2)®(2, y)

1
OfdssPdD(x,z(s))f(z(s)) I (%) fdss” = ()54t

Let's use these properties to build a diagram technique!!!
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Diagrammatic of heat kernel

Definitions

Definition 1
The function ®(x, y) corresponds to x ————— ¥

Definition 2 W1 fin S

Circle contains two parameters O

@ The set i1 ...y corresponds to Vi...V,_1(d(z — y)’Fp .(2)),
where the variable z is differentiable.

@ The factor s¥ corresponds to a parametrization parameter in power
" k” .

Example

[y

IS

}j;dz,,sd) x,2)F(2)P(z,y) = O y
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Diagrammatic of heat kernel

Definitions

Definition 3
The construction
1
[ dss" x ——— z(s)-z(s) (Vdiagram),
0
where z, = (1 — s)y, + sx, corresponds to
5n+1
X > (Vdiagram)
Example
1 st
[ dsd(x,2(s))P(2(s),y) =x A y
0

A.V.lvanov (SPBU/PDMI) QFTHEP 2017

17 / 19



Diagrammatic of heat kernel

Example
P1---PISK V1. .. UpSY
DHX X O Yy =

k
ptktl  pr.oopst v vps)

X @, y+0+

_ e
=X )

p1-. . pistTL ittt wp L ppsh
+ x N )
Z -/ Ny

1
P1 p/51+hV1 -V 527L
S

k+1 n+1
P1---PIST V1...VpS
/\

tx X U
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Diagrammatic of heat kernel

Standart examples

st ,U512 1153
ai(x,y)=2x > O O y+
st pust
+x e O y
Hence we have aj(x,x) =0
st S5 pis3 ps;
aa(x, y)=4 x *—x—0O0—=O0 ¢
+. ..

Hence we have ay(x, x) = 35 F,,.(x)Fp,.(x) + (trace = 0)
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