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The Lamb shift (2P1/2 − 2S1/2) in muonic helium ions (µ3
2 He)+, (µ4

2 He)+ is calculated taking into account correc-

tions of orders α3, α4, α5 and α6. Special attention is given to relativistic corrections with the account of vacuum

polarization effects. The obtained shifts 1259.8583 meV ((µ3
2 He)+) and 1379.1107 meV ((µ4

2 He)+) can be useful for

a comparison with experimental data of the CREMA collaboration.

Muonic helium ions are bound states of negative muon and the nucleus (helion or α-particle). They are
among that simple muonic atoms which attract considerable attention in last years due to the CREMA
measurements of fine and hyperfine structure in muonic hydrogen, muonic deuterium and muonic helium
ions [1–3]. An analysis of all these experiments will allow to clarify the source of the discrepancies in the
description of the electron and muon atoms. For successful realization of the CREMA program and finding
more accurate values of charge radii of the proton, deuteron, helion and α-particle it is important to perform
a precise calculation of the transition frequencies between the levels 2S and 2P [4–6] The aim of this work is
to present the Lamb shift (2P − 2S) calculation in muonic helium ions with the precision 0.001 meV. For a
solution of this task we calculate different corrections of orders α4 ÷ α6 which are determined by relativistic,
vacuum polarization effects, nuclear structure corrections in first, second and third orders of perturbation
theory.

Our approach to the calculation of the Lamb shift corrections in muonic helium ions is based on the quasi-
potential method in quantum electrodynamics [7–9]. The two-particle bound state is described by the
Schrödinger equation. The leading order contribution to the particle interaction operator is determined by
the Breit Hamiltonian (δI = 1(δI = 0) for nuclei with a half-integer (integer) spin) [10]:
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where H0 = p2/2µ − Zα/r; m1, m2 are the masses of the muon and nucleus (helion or α-particle) and
µ = m1m2/(m1 + m2). The wave functions of 2S and 2P states are the following:
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The effects of vacuum polarization (VP) lead to different corrections to the Breit Hamiltonian 1. The one-
loop VP corrections to the Breit interaction are a subclass of interactions that can be called relativistic correc-
tions taking into account the vacuum polarization. They are determined by expressions obtained in [6, 11]:
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The matrix elements (3) over wave functions (2) give corrections in first order perturbation theory:

∆EB
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{
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Terms ∆VB
2,VP, ∆VB

3,VP, ∆VB
4,VP account for recoil effects in the ratio m1/m2. Two-loop vacuum polarization

corrections of order α2(Zα)4 appear as a result of two-loop modification of the Breit Hamiltonian.

In second order perturbation theory we have a number of vacuum polarization corrections of orders α2(Zα)2

and α(Zα)4:
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where the reduced Coulomb Green’s function (RCGF)
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The radial function g̃nl(r, r′) can be presented in the form of Sturm expansion in Laguerre polynomials. In
the calculation of separate matrix elements it is convenient to use reduced Coulomb Green’s functions in
the form obtained in [12]:
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where x< = min(x1, x2), x> = max(x1, x2), C = 0.57721566... is the Euler constant. As a result two-loop
VP contribution of first term in (12) can be written in integral form. Subsequent integration over particle
coordinates and spectral parameter gives the following result:
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Second term in (12) has a similar structure. A transformation of different matrix elements in it can be carried
out by means of following algebraic relations:
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Three terms in right part of (20) can be calculated using expressions for wave functions and perturbation
potentials. So, for example, in the case of 4

2He their numerical values are equal to (-2.0398) meV, 0.1017
meV, (-1.0576) meV, (-0.0600) meV, 0.0201 meV, (-0.0653) meV for 2S and 2P-states. Integral expressions of
corrections from three other terms of the Breit potential (1) are:
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Omitting further details of the calculation in (20) we present summary numerical contribution to the shift
(2P − 2S) from second term in (12) obtained from all terms of the Breit potential (1):
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. (25)

Three-loop VP contributions in second order PT can be calculated in a similar way. Corresponding poten-
tials are written explicitly in [13]. Accounting an accuracy of the calculation we present them here only for
2S-state:
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In the evaluation of these and other corrections in SOPT we have two characteristic integrals:
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The contribution of three-loop VP in third order PT is determined by the sum of two terms:

∆E =< ψ2|∆VCG̃∆VCG̃∆VC|ψ2 > − < ψ2|∆VC|ψ2 >< ψ2|∆VCG̃G̃∆VC|ψ2 > . (30)

Let us write explicitly the matrix elements for 2S state:
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.

In the same way we calculate other two and three-loop VP corrections accounting for recoil effects and
nuclear structure corrections. Numerical values of the Lamb shift in muonic helium-3 ion and muonic
helium-4 ion are equal to 1259.8583 meV and 1379.1107 meV respectively [13]. These values can be consid-
ered as reliable estimates when compared to experimental data of the CREMA collaboration. The reliability
of such comparison is provided by the following features of our calculation:

1. Since numerical value of parameter me/µZα = 0.34 for muonic helium ions, the VP effects give the main
contribution to the Lamb shift. We consider one-, two-, three-loop VP corrections in first, second and third
orders of perturbation theory.

2. We calculate complicated corrections connected with VP and relativistic effects.

3. The nuclear structure effects are determined in terms of the charge radius of the nucleus and with the
help of the electromagnetic form factors.

4. We take into account the results of calculations of a large number of authors [5, 14–16].
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