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               There are numerous excellent reviews and in-depth articles on the subject. 
                  F. Jegerlehner, The anomalous magnetic moment of the muon, Springer 2017, 693p. 

                   (the earlier references therein), 
          review I. Logashenko  and  S. Eidelman, Anomalous magnetic moment of the muon, Phys. Usp. 61( 2018) 

          mini-review H. Davoudiasl and W.J. Marciano, Tale of two anomalies, Phys. Rev. D 98  (2018)  and so on. 
 

         Historically 
              g = 2  (tree level, Dirac) 

               a = a/(2p)  ( 1-loop QED, Schwinger)                                                                                     A. Petermann 

C.M.  Sommerfield 
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M. Caffo, S. Turrini and E. Remiddi 
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G. Li, R. Mendel and M. A. Samuel   

T. Kinoshita et al., A. Kurz     

T. Liu, P. Marquard and M. Steinhauser 

P.A. Baikov, A. Maier and P. Marquard  

and so on 
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(The experimental study of the  is difficult due to the short 

-life time ~ 2.9 10  s.)  

a





The anomalous magnetic moments 
                     a = (g-2)/2 

of the electron (ae) and of the muon (am)  
are  the most precisely measured 
quantities  in particle physics. 

         Outline 
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One of the best measured quantities  
The latest available experimental results read 

 

There is a long-standing deviation between the experimental measurements 
and theoretical predictions 
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Figure from the paper  A. Keshavarzi, D. Nomura and T. Teubner (KNT)  Phys. Rev. D97 (2018) 
 

Currently, the accuracy of theoretical calculations is high but the discrepancy stimulates a 
thorough theoretical re-examination.  
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The paper ‘’Muon Anomaly from Lepton Vacuum Polarization and  the Mellin-Barnes Representation’’ by 
J.-P. Aguilar, E. de Rafael and D. Greynat (ARG)  Phys. Rev. D77 (2008)  
 

5 

Motivation (stimulation) 

It was presented a powerful technique to obtain asymptotic expansions. … 
It would be reassuring to have, at least, two independent calculations of the various theoretical 
contributions, as well as of the higher order estimates.  
We  investigated the high-precision numerical estimation of the MB integrals based on the on the 
stationary phase contour [A. Sidorov, V. Lashkevich, OS, Phys. Rev. D97(2018). 

N -the number terms in the quadrature formula.  
In  parentheses are presented the errors of numerical integration. 
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According to the SM, the contributions to a lepton anomaly a L can be classified into the quantum 
electromagnetic (QED), hadronic and electroweak type.  
Currently, the calculations of the QED contributions of the fourth- and fifth-order, which are 
important in finding the theoretical error, are mainly determined by numerical integration.  
An independent determination of the QED contributions may be important to improve the 
reliability of calculations. 

1 1is mass independent The first four coefficients of are .  ( , , ) A eA m 

A recent improved determination of the fine structure constant 

 a-1 (Cs)= 137.035999046(27) [Parker et al., Science 360, 191–195 (2018)]. 
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Theoretical overview 

  (The Era of precision uncertainty ) 



The universal contribution  formed  by the  same leptons  as 

external leptons, or in the case where there are no lepton loops. 
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Mass-independent lowest order vacuum 
polarization diagram with  k lepton loops 

(2 2)
1

kA

Analytical result for high-order vacuum polarization (v.p.)  
to the universal part  
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 The growth of coefficients for n>6  

 Asymptotic formula 
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The cancellation of terms 
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S.Friot, D. Greynat, E. De Rafael, “Asymptotics of Feynman diagrams and the Mellin-Barnes representation”,  
 Phys. Lett. B 628 (2005) 73;   
“On convergent series representations of Mellin-Barnes integrals”,  J. Math. Phys 53 (2012)  023508 
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These expressions are analytic continuations of each other. 

One closed loop 
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well known result first obtained by Lautrup and Rafael’ 1968 
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Open circles correspond values  for the physical masses of leptons. 

(rapid convergence for t>1) 



Two-loop result: 
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S. Laporta,  1993 

(6)
2A
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Two-loop result  
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There is no such expression  
in the literature – only the analytic  
expansions: 



Two-loop result: t<1  
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S. Laporta,  1993. 
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Two-loop result: t>1  
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3-bubble result (eighth order ):  
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 t<1  

Olga Solovtsova 



3-bubble result 
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The asymptotic result (t<1) is the same as  in the paper  Phys. Rev. D77 (2008) 093010 (E. De Rafael et al. ) 
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Eighth Order MB Integrals 

18 18 

ARG [Phys.Rev. D77 (2008) 093010] ( 1)t
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The Mellin-Barnes representation (in the notation of Ref. ARG ) 
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3-bubble result: t>1  
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Asymptotic: t>1  
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3-loop result: t>1 and t<1  
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This result is the same as  in the paper  AGR 



3-loop result 
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4-loop result: t>1 and t<1  
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Summary 

25 

 
      We have obtained  exact expressions for certain class of mass-dependent eighth-order 
coefficients determining the contributions of  the three-bubble diagrams to the anomalous 
magnetic moment of all three charged leptons for all possible values of the mass ratio (only 
approximate formulas of the form of expansions were known). We find a good agreement with  
the known analytical expansions given in terms of the mass ratio. 
     We demonstrated that exact expressions correspond to a common unified analytical function. 
Exact expressions allow us to calculate the coefficients with any accuracy and can be used  to have 
an independent way to check the precision of numerical estimations. 
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Thanks for your attention !  
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Thanks for your attention ! 

 



27 

Parker et al., Science 360, 191–195 (2018) 


