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Lie groups and Lie algebras have been successfully applied in quantum
mechanics since its inception.



V.A. Fock and V. Bargmann approaches to
the description of the H- atom symmetry
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HA3BECTHA ARAINEMWH HAYE COCP. 1935
BULLETIN DE L'ACADEMIE DES SCIENCES DE L'URSS

Classe des sciences OTgeIeEEe MATOMILTHYSIERT
mathematigues et naturalles H SOTECTEOHHRIE HAYE

ATOM BOTOPOIA N HEEBEJIHI0BA TEOMETPHA®

{ Mpedsapumerrnoce eooduenne™ )
B. A, BOEA

(Mpedemassena oxadesuvon €, 0. Baswnossim)

B pafiore norasamo, wro vpapmemme Illpeapsreps f1s atoMa BOTOPOIA B OpO-
CTPAECTEE UMUFILCOR OPABOANTCA K HETECPASLEOMF FPAUHEERN IIA MAPOBMX CFAKNE
weThipexdeporo maps. Tagmy ofpaszow, jomyeraesas vpaesmeneey [Mpeamerepa rpyoos
npeofipaaceaEnl ORaameaeTed TomIecTBeHDOl ¢ wernipexmeprod rpymmofl spamensf;
Bagiyie sTofl rpyoos ofLACHAET TAE HASRIBAeNOe BRIPOmAEHRe YpoBsed Bofopogs mo
OTHOMEERN E ASEMFTAILEOMF KBAETOROMY 9ncly. CIeNCTERA, HMTERAKOIEE BE CODOCTA-
pienps ypasmesns [Ilpermarepa ¢ semsipexmepsofi Teopmefl DoTeHmmats (rTecpewa clo-
FEEAA B T. L), WOTYT HMETE pAZEe00DASNLIE CRAIETECKR: DpEIcEeHEA. Tak mampEsep,
fecROFETARIE CPMME], BCTPEYARIIAECH B TeopEn AniénmA KoMnToea 0T CBABNEIX 3JEK-
TPOROE H B ADFIU4X SHAOCOGHRIE ALNAYAX, NOJYUAKTCA B3 Hamed Teopem moarw Ges
RrAREE BergEcrenall. [ayee, TEODER DOSBOIRET MOCTPONTL FUPOUIEEAFK MOTEIE CI0H-
HEIX 4TOMOB, Ha OCHOEAHEH KOTOPOE MOMEC BRIBSCTH SPELIE BRIDLECHAEA X114 cMemansof
RAGTEOCTH B OPICTPAHCTEE HBNUYIBCOR, JIR ATOMEME AKTOPOB, N34 SKPAEEDYHIIEre
OOTEENEAIA B T. 1.

Han pssectso, FPOBHE SHEDrEN aTOMA BOZUPOJA SABHCAT TOJRED 0T FIABROTO
EBAHTOBOCD YHCIA % W HE BABMCAT (T JSHMYTAIBHOIO EBAETOBOrO wmcaa f. Foam

MOJE30BATECA OBIMEYNOTPEGRTENEEE, HO HE COBCEM YIAMHEIM TEDMEHOMN, TO MOIEED

CKAFATE, 9T AMeeTCA BRIPOIERRE (T. €. KPATHOCTH YpobHell] OTHOCHTEIRHO A3EMY-
T4dEAOr0 KBAHTOEOTO TRcia. O Apyrof CTOPOHLT, MOERO FCTAROEBRTE 0fmee TPABEIO,
COTNACHO KOTOPOMY KpaTHocTh cofcTeenmbix SEauemmi ypaemesma [Lpeimsrepa
CBH3AHA ¢ HHBADHARNTHOCTEK) €00 00 OTHOMETEN K DHPEJIB.IB'IIRDQ I‘]}yl]l]e Hmﬂﬁpaﬂﬂ-
amni. Tax ampumep, EEBADRANTHOCTE 00 OTHOMEHRW K OGLIKAOBERHON rRyome
BPAIIeRnil (CoepRIeckan CHMMETpHA) Bieder 3a cofoll nesasmenmocTs ypormed or

¥ Tpaomemo § oeppaza 1985 r. B TeoperewstEcu cemmsapms Fasweecnoro mmcraryra ATF m
25 wapra 1985 r. w8 ceccun Axagewns Hayx COCE v Mecree,

** [logpofinoe SaToMeEns Teopun GyAeT vapewatans @ Poamveckos mypeaze Copercrore Comas.

HMEH, 1935, M ¥ —_— 16 — 12
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Zur Theorie des Wasserstoffatoms?).
Von V.Foek in Leningrad,
(Eingegangen am 5. August 1986,)

THe Schridinger:Gleichung fiir das Wusserstoffatormn im Impulsenam arweist
sich als identisch mit der Integralgleichung fie die Kugelfunktionen der wien-
dimensionalen Potentialtheorie. ThHe Transformationsgroppe der Wasserstaff-
gleichung ist also die vierdimensionals Drehgruppe ; dadurch wird die Entartung
der Waaserstoffniveaws in bezug auf die Azimutalquantenzahl [ erklare. Tris ass
der potentialtheorstischen Dvmtung der Schrddinger-Gleichung folgenden Te-
giehungen (Additionethecrem usw,) erlauben mannigfache physikalisehe An-
wendungen. The Methode ermiéglicht, die unsndlichen Summen, die in der Theorie
dea Compton:Effeloes an gebundensn Elektronen und in verwandten Froblemen
auftreten, fast ohpe Heohnung mussuwerten. Unter Zngrundelegung eines vers
einfachien Atommeodells lassen sich ferner explisite Ausdricks fir die Dichta-
watrix  im  Impulsraum, fir  Atomformfakteren, fir das  Absehirmungs-
potential usw. aufatellen,

Ee ist lingst bekonnt, dali die Energieniveans des Waseerstoffatoms
in bemag auf dia Azimntalquantenzahl I entartet sind; man sprieht gelegent-
lich vom emer eufalligen™ Intartang, Nun st aber jeds Entartung der
Eigenwerte mit der Transformationsgroppe der betreffenden (leiehung
verbunden: so = B, die Entartung in bemg auf die megnetizels Quanten-
sabl w mit der gewdhnlichen Drehgruppe, Die Groppe sber, welche der
Jeufilligen” Entarfong der Wasserstoffniveans entsprichl, war bis jetat
nnbekannt.

In dieser Arbeit wollen wiv zeigen, dal diese Gruppe mit der vier-
dimensiopalen Drehgroppe dquivalent ist,

1. Dig Jehridinger-(Gloichung cines wasserstoffihnlichen Atoms hat
belanntlich im Impulsraum die Form einer Integralgleichung

TP 0 — g [ PR = By )
wo mib (dp’) = d-p; d-p; dip, des Volumelement im Impulsraum  be-
zaichnet 1st. Wir befrachten sundchst das Punlispeltrom und bugeichnen
mit py den mittleren quadratisehen Impuls

v = V_TmE. @

Wir wollen nun die dureh gy dividierten Komponenten des Impuls.

velkiors p als Koordinaten in ciner Hyperobene denten, welehe die stereo-

'} Vorgetragen am 8. Februar 1935 am theoretizahen Seminoer an der Une-
versital Lenmgrad. Vgl V.Foeok, Bull. de 1'ac. des seiemces de 'UURES,
1985, Nr. 2, 168,

Zoltzohrifl fir Paysik, Bd. 98, 1




Group SO(4) as symmetry group of H — atom:
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Zur Theorie des Wasserstoffatoms.
Bemerkungen zur gleichnamigen Arbeit von V.Fock.
Von V. Bargmann in fiirich.

{Fingegeogen am 1 Pebruer 1936.)

Es wird geeeigl, dabs die Malrizghichungen, dw Pauli seiner Behandlung des

Wasserstoffatorns zugrunde gelegt hat, bei gruppentheoretischer Deutung nuf

die kirglich von Fock entwickelte Methode filhren, — Die Separstion der

Sehrddinger- Gleichung in parabolischen Koordinaten wird in diesen Zusammen-
hang eingeordnet

In einer sehr interessanten Arbeit') fihet Fock die Schridinger-
Gleichung des Weagerstoffstoms i Impulsraum surick aof die Integral-
gleichung der Kugelfunktionen in vier Variablen, indem er den Impulseanm
auf die vierdimensionale Embeitekugel stereographisch projiziert. Diese
Uberlegungen stehen nun, wie wir zeigen wollen, in engem Ensammenhang
mit der Bohandlung des Wasserstoffatoms nach der Matrmenrechnung
dureh Pauli¥); die groppeniheoretisehe Dontung der von Pauli abgeleitoten
Begiehungen fihrt rwangsliufig zo der Fockschen Methode,

1. Wir beginnen mit einigen Vorbemerkungen dtber infinitesimale

Transformationen, Gegeben seien n Variable yo. Unterwirft man sie siner
infmitesimelen Transformatiom

Byjg = —ecop (g, lo=1....%
a0 erleidet eme Fuektion f(y) die Transformation
o=y —dy) —fly) =& T
mit
Nl
Tf = h—0 .
=Sty W

Fine infinitesvmale Dwehung, d.h. eine lineare Trandformation, die
H? E y: ungedndert IiBt, kann stete linear aus den folgenden zusamimen-

1
gesetat werden:

af af
= 5"?5_% — U 6—% .

Dyof &)

'} V. Fock, %8 f. Phye. 98, 145, 1955. — &) W. Pauli, cbhenda 36, 3885,
1926

V. Bargmann, 1936




V. Bargmann, 1936. Algebraic approach
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j(l) :l(i+]€]), j(z) :%(i_ﬁ]); (j(l) )2 :(j(z) )2

T(a) Fb) | _ -
JOT0 =05,

ijk

J? (a,b=1,2.)
SO(4) = SO3)x SOB3) > TV =TH ®T*; j, = j, = +— 2_1 .

dim 7Y = (2, +1)-(2j, +1)=n".

E>0, SO(4)—> SO(3,1);| reverrmmes s voroww s wusens

THE LORENTE GROUP AS A DYNAMC SYMMETRY GROUP OF THE HYDROGEX ATOM
E=0, SO4)—> G,,

& M. PERELOMOY and V. § POPOY

Imstitute of Theoretkonl vl Experimental Physice . Btale AvoEise Enargy Cormomd=s| oh
Submliied to JETE pdilor Juby 18, 1065

J. Exgpil. Theapel, Phya. (LSS K50, 1T9-108 Wanuary, LBk




Symmetry group applications

Group symmetry of N- dimensional

oscillator — SU(N), Jauch, Hill, 1940. FORY Robet Gilmers L Groups, Physic,
Classification of states, selection rules for e At
TO PHYSICAL and Some

atoms, molecules solids.

Lorentz and Poincaré groups unitary
representation and classification of

elementary particles.

J.L. Birman,
CUNY, USA

of Their
Applications

Yu.N. Demkov, Ya.A. Smorodinsky, JIRN,
Leningrad University Dubna 10



Dynamical Symmetries

Classification of
hadrons: SU (3),

SU (6) symmetry of the
flavors, the quarks, the
mass formulas

Dynamical symmetries |, cei-mann
of quantum systems

Spectrum generating
algebra

Coherent states

Asim Orhan Barut

Y. Neeman

11



Eightfold way and dynamical (spectrum generating) groups

s=0
s=—1
s = —2

The baryon octet

SU(3) 5 SU(2)
8=10202d 3

The
Eightfold
Way

Eightfold Way, classification of hadrons into groups on the basis of their
symmetrical properties, the number of members of each group being 1, 8 (most
frequently), 10, or 27. The system was proposed in 1961 by M. Gell-Mann and
Y. Ne'eman. It is based on the mathematical symmetry group SU(3); however, the
name of the system was suggested by analogy with the Eightfold Path of
Buddhism because of the centrality of the number eight..

12



A Simple Example - Harmonic Oscillator

e |
SU(1,1)=SL(2,R)=Sp(2,R)~SO(2,]).
T, k=2,

4 4
N —dim.oscillator: W *Sp(2N, R)

13



Dynamical symmetries:
condensed matter, quantum optics

Sidbetos:

SCIENCE

SSSSSSSSS

UNIVERSITY OF TEXAS - JOE C. THOMPSON CENTER AUDITORIUM - ROOM 1.110

Murray Gell-Mann, Ennackal Chandy
lecturing in 2007, George Sudarshan

SU(2), SU(3), SU(n), SO(4,2), SU(m,n), Sp(2N,R), W(NY*Sp(2N,R),... *
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Dynamical symmetry

H = E Wsi.. s, Ail "ot Af-r - T -

51 ,--,5r

f—f — Z WL:EL: R. Feynman’s method of operator exponent

disentanglement

U(t, to) = T(g(t, tg)) = exp {—i > Nt to) A

In a linear case 1t is possible to find exact solution:

* Energy levels and corresponding wave functions (time independent
Hamiltonian);

* Transition probabilities (time dependent Hamiltonian);

 Quasi energy and quasi energy states (periodic Hamiltonian).
Aharonov - Anandan geometric phase 16



Lie groups and an energy levels calculation

H-atom, SO(4), V.A.Fock, (1935) V. Bargmann, (1936)
SO(4,2) A.0.Barut, H. Kleinert, Yu.B. Rumer, A.l. Fet (1971)

SU(1,1), SU(N,1), Sp(2n,R),  quantum optics, superfluidity

g:f("ak)a fakEAa
ADA DA >D...,

A=af (C(A))+(xlf2 (C(A'))mzfz C(An))+
g \\ /

Molecular rotational- vibrational levels

F. lachello, R.D. Levine

u(4)os0(4)>os503) D50(2) (== 5 L

17




Molecular spectra & vibronic transitions
W, ASp(2N,R) -group and Franck — Condon overlap Integrals,

(harmonic approximation for vibrations)

G=RG+AG, G=(q,qr-qy);
1

N

fzz(i'

AG=(L) A7, A7 =7, -7

>={[m]| V][]

—

SOV

RS (AR ) gl
<‘ﬁ‘ V|a>—exp{ Z(M +|a )} PN SR
A I,
lmn.:<m‘V‘n>:W L(AAY), [OO—\/(a)+a))/(2\/a)a))exp{ Yo+ s (A)}
_9@ 2“fo, A= ONZO N =M =),
0+ 0+

18




Group-theoretical approach

e S Model
T H=f(A,...,A
Quantum system o | ( LA "’
"”/,f, S

Bath
T. squeezing

Dynamical Symmetry
Lie group G
1

Coherent states
|z>=T(g,)|0>
Holomorphic functions

Quantum master equation

(Markovian approximation) > U,
il Path integrals:
“classical” dynamics:
Fokker-Planck equation for P-symbol dz/dt = {z.3}.
of density matrix Kéahler manifolds

19



Model hamiltonians,
dynamical groups and coherent states

Klauder, Glauber, Sudarshan, Perelomov, Berezin, Gilmore, ...

H= Z Wy, 5, At AT

A, A]=iCm A

Ult, to) = T(g(t,ta)) = exp {—i > " Ni(t, to) A

Vg: € X = G/Gy +— |& >=T(ge)|0 >

T(h)| W) = ™| Wy)

1972 | e~ 2= (2%...,2"), 2n=dim(G/Gy). 20




Heisenberg — Weyl group W, and coherent states

J.R. Klauder

Coherence properties of
quantum electromagnetic
fields, lasers

21




Holomorphic functions representation

U >— U(z) =< 2|U > / < 2|0 >,

1z >=

(250,27 >,

P(z) = /K(z w) U (w) exp |—p(w,w)| du(w, @),

F 42
K(z,@) =< z\w,‘:»/a:z\[],‘:»{ Olw > =i}

a9

9% In K(z z)

dz* A dz°
Az 978 5 “

() () / Fey0) ok ¥(w)di(w, @),

|

G-invariant Kahler’s
2-form

Fe, ) = < 2| F|w >
< z|lw >
. A4 K(z,w) K(w,z) _
_— * ‘ d AN !1
F=F- -F,—F(z?2) f}_l w) Fo(w, z) K(z.%) K(w.0) p(w, w)
L i o5 | OF1 0Fs B oF, 0F>
{F1, Fa}(z,2) 3 Z};J g [82‘1 353 938 Jaa 5




Path Integrals in CS - representation

U(t,1,) =U(ty,1) = Uty ty DU (6 5ty ) U 8,8,

i Ly
Ulty, teer) = Tp EXP{;E /E’(Tj dT} A I—% / H(7)dr + O(|At))

te_1 tr_1

u@mm:]m{ )meﬂ>ﬂ)
f{iﬁ Z (T H0)2%(7) — Z (1) 2%(7)] — H(z('r)?z('r—l—ﬂ)'r)} dr—

tp

_ﬁ n K(=(t), 2(t)) ] Za = Lo In K (w, o))"=

2 E [K(Z(fn)af(fn)) . 2 0w (0, 0ozt

U(z,Z|t, tp) = lim [ exp ( ) H dp (2 SE = S + AS(e)
0 tp<T<t 23




“Classical” Equations

Uq(2, %]t t0) = U exp (

7

_SCrf) y

h
i OH (z,2) _Z 0°In K (z, Z) =5
h oz"“ 5o 0z° 0z ”
1 O0H (z,7) _Z 0°In K (z,7) . v
n o oz T 57707
={*H}, z*={z*H}; a=1,...,n.
2(tg) =2, Z(t) = Z.
N 3 |0FL 0Fy OF 0F;
1, Fob(z2) = 5 2;4 J [aza 978 978 9z°
0’'InK(z,z B v af 7
g(){ﬁ: ( ), g :5’{, ga7:5;,

24



Quantum oscillator in a field of external force

H[t}zip —|—iﬁ?-.r.a§il — 1z F(t)

2m 2

1 .
—)1 Hy(t) = —F(t) o (a +a")

H(t):ﬁﬂ_'_ﬁl(tj! E’u:mu (&—I_&_I_Q 9
i

Oscillator coherent states, R. Glauber, 1963

o

@) = D) = " =™0), D(a) = 2=, 4|0) =0, (0]0) =

ala) = ala), |a ~glaf Z —|n)

n— El
25




1 - Mo 2 CS state

H(f) = —_ P>+ " x* —coE(t)x, | |™®
(%) 17 (7)

2
] - |r; =~ ™ ] - |"J . A
4 - ‘Hﬂ:"i—i—z' b | 4t = M'l:}:,.i_z_ P |
2 7 Mo, ) 2 |7 Mo, )
- s aE(t
H(f):ﬁJD(a+a+1X2] ® (a +a]

\ ."Zwoﬂf

%a Igf)} =HOY(0). [¥(0)=e" z(ﬂ){

2(t) =" 2(0) — i ) £ (') it £ =-—2—E@)

2a M

Vo Vi Mo, ] ]
T|} <I|Z(I))=w‘_(x:zj=[‘l‘;ﬂj ﬁxp[—[ M %, Z(I)J |(I.\J| fﬂ:|

P(X,t) = |<x|z(t)>]? 2°

2

|zh= ﬂ{p[—ﬁ

IIMH




(1Y
o =—io,a —F(I)/JQ&)D ,F(t)=F,e ‘" cos (Q1)

Imcy

a(0)=0,
@, = 1,
F, =2,
T =),
Q=7/5




<n(t)>

<Wo(t)>

28



Je
—
[l
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5

5
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T

‘\If(x, t)‘2 < a quantum carpets
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A sin(ot)

f(t)

30
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N-level atoms in classical fields. G = SU(N), ( |k><I| u(N))

n—1 n—1
2) = (1 + ZEQE"T)_FH exp(z-ﬁﬁg)\ﬂ)
a=1 =1

2= (242" e SU(n)/Un—1)~CP"*

n—1 2p
e = 1+ S o

n—1 _ n—1 _
P = Hon (1) + 3 [Hou(t) = Hyn(0)805) 27 = Y M58 2" 2"
=1} 3=

n—1

521 Oup(t, t0) 2 (to) + Ona(t, to)

z(.l{ (t) — ,

—1 )
3-2:1 Ons (t,t0)2" (o) + Onn(t, to) 31




G=SU(2), (2j+1)-level atom ||,y = (1 + zz)ie=x|0)

_ A2s¢in? Ot
2= Al) +woz - AW | P = o

— j=1/2

.f":,.- — 9 1lrp P (t)

- ——
I )
— - B Y
g s = L e -
Iy s ST 0.4
i R '
(ALY N\
,[ [ WY AN
%-;'i*"«; - R\ "] l | 0.5
F R e W s 1, I
! .rl...(l,fl S WP -_': /.f/
|L'1 \'xk 00 o et L
- SR A iann \
7 I\ T
\ s - Bl 2 /' Iy
S e/ ot |
x\_\_"'-_ LT l‘:_"‘—" &l‘?;l-.-' "_':-""/ z)’
e gl i
NN o t
- i 4 3 5 1n

Coherent state dynamics. (a) — trajectory, (b) — Upper level probability P(t).
(z(0) = 1+i, wy=1. w=2/3, A=2) 32



Complex plane & Bloch’s sphere. Qubits

b ‘-!'l'i'

Cr e et L

UL
Y
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P(t)

A(t) = Aexp |—iwt — (t — fDJE‘/«rE}

SU(2) CS generation: (a) — trajectory, (b) Upper level probability P(t).
(z(0)=0,w,=1. w=2,A=1.5,t,=5, 7 =(3/5)"2)

34



Three-level atom, G = SU(3). Quitrits

E2 A N
o
L. L. 9
Es & :
J. J' TJ_ I N
Es < v v

l-q — ﬁﬂ —|— ﬂinﬁ p— h&)ﬂﬂl —|— hﬂgﬂg —|— (Aj_|_ —|— BK+ —|— Dji_|_ —|— hC)

35




N1.L

We have not here a funny
pictures for CS trajectories as
| in SU(2) case...

N2 o

«—— | coherent population trapping

NE! A(t) = |Qio| exp | —twnt — 5

10

D(t) = |3] exp | —twst —

vl |

"y
s R
[ 2
0 7] » 7 ) ] of

Case of V — atom transitions and dynamics of the level populations.
wo/2+ D =08 wo+ Q=130 =0; Q3 =2; w=0;wy =1.3;7=20; o2 =10 3°



Q-corrections NEO)=[[dadu@) f(@.5500.¢, 1D]a.S).
lhg‘ \P(l‘)> — [:[‘\P(t)> P — dReadIma du(c) = 2j+1 dRengrr;g.
ot ™ T (+lcP)

W(0)=]a(0)>®|£(0)>. E=(E)=(FO)|H|¥(©)=(YO)|H|¥)):

fo= X 1@ow (€ gy (@) ~exp| 0 |a—a,0f | vi€)=(¢] jm)

The initial condition: lim fi (@, 67| &5, 6031) = 0,(a —@)0,( = 6)

ala>=ala> a" |a>=(0/da+al2)|a>;

a‘ala>=(a-0foa+aal2)|a>.

J 1§ >=(0/0¢ + T [+ L)1 >3 T 1§ >=(=¢70f0¢ +j¢/(1+¢D)) I >
Jy1&>=(¢-0/0¢ +5(1=5D)/(1+ D)) 1 ¢ >
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Open systems
Coherent relaxation of N-level systems,
(the Markovian approximation)

H=H,+ Ha+ H,, R =pst) ®pp(0) |P)= trg[R(1)]

8p w1 el o
=N Sy [(Nat+ 1) 2E; pEF - B BT p - pEHED ) +
a=1 "
YN, (2B pE- —E-E¥p— pE-EF)—
~S.(2Ef pEF —EfEfp—pEFES) -
~S.(2E; pE; —E;E; p—pE; E7)].

1

‘ 1 [NRT
E).—:h(z ri) — E”wﬁwuv Se=[<n> +E} e sh(27})]]w;=w.

Ne=[(<n>+

0 >,=exp [(&'3 — CE'H)/Q] 0>, (=re?
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Glauber — Sudarshan P-representation for density operator

, , , o "
o) = [ duz DP 2z ><al, || 5P =LP(, 5
X

Pz, zt) = /X du(z 2 )K(z, Z:t|z .2 ;t0) Po(z, Z; to)

lim K(z, 2|2, 2;0)=68(z, 2 2, 2)

t—0

< A(t) >= -/ < | A%t) |z > P(z, Z; t) du(z, %)

!

{fi(f)ﬁ(ﬂ)} = // < z|}iﬂ |z > K(Z,E;ﬂz’,f; 0)?g_ﬁ(ﬂj(z ,E’; 0)du(z, z) d,u,(z’, z

A = UTY ) ATy(t),  Propwn~— B - p(0)

gu ~ Re / €—m,t E+ ﬂ (0))df
0
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G=SU(2), (2j+1)-level atom.(j=1/2,1; j —— o)

i = 3 [[{* v>41)2J_pJy —J J_p—pJJ_)

s (2Ipd— e piL}]

d

. d 29z
B = (504 T ) 1
- 5 0 27z
Lol = (=25 + T2 ) )

Jol2) (2] = (35 —j i:i) |2)(2.

The Fokker-Planck (FP) equation:

o 0 5 0
+<v>|-2z+ -+
0z 0z

0z 0z

)}‘FCC))C f[Z?E:_ f) _ —

) ai ’ ; : s o,
i = - (i {[«:’ v > +1) (sz + iz‘z + :izzé‘z)
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FP-equation in the case of squeezed bath

af A o 7,
— 9 _ . 2
ot {d,zm—l_ Ljﬂ+r)zg+f}ziz)+
0 ) s, 5‘ . 1,
2 — —)+ S8 — )4 82—
N (- jg—l_dz—l_'z r)zJ—i_ (dz r' z7)+ erzE]—i_Kc H
Method on spherical functions expansion:
L, ? )
Z Z Fm }/.!‘m Z, Z u ™ zz) r)z{)z +EU + 1)] Yi ”l( !z} - Uv
=0 m=—I i
- (E; — Z;i) Yim(z,2) = mYin(z, 2),
C = SU(2)/U(1) o= 9
Pz, z:t)= [ dul(z,z )K(= E;t|zr Z:0)Po(z,z; 0)
X
50 ’_.0) — E(ETE;EI EI) z,2;2 Z}/Em ,2:’ z }/Em ! —.")
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FP-equation propagator for a qubit in a squeezed bath

Pt ]_ 6 Z EI _Ty
Kiz. 7tz z2:0)= = 2 ch(~|S|t
(z,z;t|z,z;0) ?r+?r1+zz 1+z’z€ ‘ch(~[S[t)+
6 z AR 31— e 3 1—zz~ _
ht : 2t gh (4| S|+ t 1—e 1t
?r(l—l—z,f 147 sh(7IS1E)+ (l—I—z;::'F T (1-|—21’EF( e
6 z z 6 z z r
— ~3tch(~|S|t e sh(4|S]t),
ml+zz 1—|—z’z€ Cl(” ‘) nl—l—EE 1—|—3£E (F| |j
eV =& T =7(2N + 1)
t — o0
_ 1 3~41—2zz 1 3 1 —zZz
= — —_— — —_ — ]_
Peq(2,2) ﬁ+ﬁfl+zf ?r( +2N+1 1"‘35)
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Contour of the emission line for j=1/2 “atom” in a squeezed bath

B! L+91S 5 — IS
gi‘u:} — ‘;'f"r m I o T =
2T | (w—w)?+ (5+718)7  (w—w)?+ (5 —11S))
T
| N
: N
L AN
il :
4 \ N
;I * Q\ \\\\
s . \\
{'{r’ zr \\H‘HH \-_h____
" H&%“‘*“

1
r

The ratio of radiation lines is independent

on the bath temperature, r is a squeezing ,,
squeezing parameter

........................ No squeezing




Parametric Amplifier in a thermal bath

H (H=w,(a*a+ —) +g(aae”™ +atate )

U (t+ AL 1) ~ exp(% £ata —%E&aj £ = 2igAtexp[-2i(w—a,)t]

oP

ot

Lo (22 2 Lo

2
){2_6 g J]+%7{g +£E+N

0z oz Oz

82
0z0z

}}pzzp

P(t)=U(1,1,) P(1,):

a+2ad +be’ i = gezj(wo_w)t

2i(wy—m)t , 7ed—c7

 =2ge

B+(ci’+c7jb+2c‘ze‘”

, a+ 2ad +be' T = ge_2i<w°_w)t
|

“+2ae’ v ==yN,

7+ 2ae’ > 4

_ 2ge—2i(a)0—a))t, d — C? _ %7/

5
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M

’ ) ﬁ:_E, f=Z—ZOe_dch‘r‘—Eoe_ 7sh‘r‘.
a

h a = lb+ (lbjz—‘a
where > >

f w,—w=0

a(t)= (7/2 —16gz)_1 (rg —ygN)(l—e7’ch4gt)+(%7/2N—4g2]e7tsh4gt},

b(t)= (7/2 —16g2)_1 {(%ﬁN—ngj(l—e‘7tch4gt)+(47/g —2ygN)e‘7’Sh4gt},
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The case of zero detuning
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Nonzero detuning

-08r

L

10}
172}

ReZ

Time dependence of the package width

47



Summary and some problems

* We have presented a mathematical formalism for
describing the dynamics and relaxation of quantum
systems.

= Group theoretical method and the CS technique are
naturally used in quantum optics, quantum information
theory, condensed matter and so on.

= Search for quantum corrections to the semi-classical
dynamics CS in this approach in the general case has not
been solved to date.

= One of the main problems here is the inclusion of non-
Markovian effects into consideration.

» Possible generalizations of the concept of dynamical
symmetries (super-algebras, associative algebras, ...) to
more complicated and realistic systems also a worthy of
special consideration.
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