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Canonical commutation relations

[p̂, q̂] = −i Î
L2(−∞,+∞)

q̂f (q) = qf (q), p̂f (q) = −i ∂
∂q
f (q)



A de�nition of regularity

Rellich-Dixmier`s theorem

Operators q̂ and p̂ form regular representation of CCR algebras if:

1. there exist dense domain D ∈ Dq
⋂
Dp invariant under the

action of q̂ and p̂ such that CCR hold on D;

2. Operator (q̂2 + p̂2) is essentially self-adjoint on D.

De�nition

Any representations of CCR algebras which are unitary equivalent

to Schrodinger one are regular.



Weyl form

eitp̂eisq̂ = eisteisq̂eitp̂

U(t) = eitp̂

V (s) = eisq̂



Analytical vectors

De�nition

Let Â be a linear operator on a Hilbert space H. A vector ξ ∈ H is

called entire analytic for Â , if ξ is in the domain of Âk for every

k ∈ IN and

∞∑
k=0

tk

k!
‖Âkξ‖ < +∞

for every t > 0.



Main theorem

Let's prove that a representation of CCR algebras is regular if there

is a dense domain D in witch any vector ξ ∈ D obeys conditions

∞∑
k=0

tk

k!
‖q̂kξ‖ <∞, ∀ t > 0;

∞∑
k=0

sk

k!
‖p̂kξ‖ <∞, ∀ s > 0

and also any regular representation obeys this conditions.



Main theorem: part 1

If ξ is an entire analytic vector for Â then exp(tÂ)ξ make sense for

every t ∈ IC and it is an entire analytic function of t.

p̂ q̂n − q̂n p̂ = −i(q̂n)′, (′= d/dq)

p̂ eisq̂ − eitp̂ p̂ = −i(eitq̂)′

e−itq̂ p̂n eitq̂ = (p̂ + tÎ)n



Main theorem: Stone`s and von Neumann`s theorems

Stone`s theorem

Let Â be a shelf-adjoint operator on a Hilbert space H. Then

U(t) = eitÂ, t ∈ IR is a strongly continuous one-parameter family of

unitary operators.

von Neumann`s theorem

If on a Hillbert space H self-adjoint operators q̂ and p̂ are

generators of the unitary groups U(t) = eitp̂ and V (s) = eisq̂,
satisfying the Weyl relations, then q̂ and p̂ satisfy a regular

representation of CCR.



Main theorem: part 2

q̂ =
1√
2
(â+ â∗), p̂ =

1

i
√
2
(â− â∗), N̂ = â∗â

ψ =
m+n∑
m

Ck ψk, ψn = (â∗)n ψ0

∞∑
k=0

tk

k!
‖q̂kψ‖ ≤

≤
∞∑
k=0

tk

k!
Ck (2 (m+ n+ 1)!)k/2 < +∞



Conclusion

I Krein spaces

I Weyl representation


