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Introduction
Review of results of advanced QCD analytical
calculation



Results of advanced QCD analytical calculation 1

Main quantities for eT e~ annihilation process (Novosibirsk- Russia;
Beijing- China), Adler function (nonsinglet) DY :

DQ’S(QZ) =Q? /00o R(s) 3 ds = 32 Q? - Da(as)
f

(s+ @)
Da(as) =1+ Z al dn, a5 =as(p® = Q%)/m

Bjorken polarized sum rule Bj, — measured at CEBAF at
intermediate/low Q2

! 1
Bip(@®) = [ [l (x, %)~ alr(x, @) ox = Gaa- C¥(a)

CM(as)=1+> al cn

related with al-coefficients of pQCD series for
Gross-Llewellyn Smith sum rule - measured in vN DIS

1
GLS(Qz):/ FIN(x, Q%)dx
J0O



di =Cr3;
dr - Cheiyrkin,Kataev,Tkachov (1979); ds - Gorishny, Kataev, Larin
(1988-90, presented 1990, published 1991);

dp = 7(1%]30:2?0({ {i - %C3 - Z<5:| +Np 7(1%*)0;11(1%*)0(1 {—E -G+ 2(5}
B(l)% + C3} + C3TrNp {1308041 *43 - g(s + 107547} +
CRTENE [T — Jp @ + 5 +3G] —ormint [T - Tla - o -
253 139 2255 1155
CrCa [ 32 ' 128 C’}
S N 1096661 G- 512545 -2 -+
SN I
C%‘C‘i |:_51982413421 _ %C " @C i 115547]
CrTrNpC% —74233221 + 82%@ %C&i - ECa *C7} +
[ g

- Baikov, Chetyrkin, Kuhn (2010), new results



=-Cp3
cz - Gorlshny,Larm (1986);

c3 — Larin, Vermaseren (1991)

G = % {—i + %Q + %Cs} +N d%bczi%b(:d {13 +(3 - *Cs}
+Cp T3NS {SOZ] + CpCATZNZ {712605723863 - %43 —2<s - gcﬂ
+CETENE {7% + fCa} + C3TrNp {2833094 ECs - 12%5@]
+CECATENF {—j;}% - %C + %C + *47}
+ORCRTRNE [Tl 4 26— D6+ 3 - 1207
LCpC i _ 8204084823727 % G+ 112155425 G5 — E C3 % 47}
+CHCa [—% - %Q %Cs} Ci {—% - g 3}

direct form of Baikov, Chetyrkin, Kuhn (2010) results



Results of advanced QCD analytical calculation 2

QCD B-function — a measure of the conformal symmetry breaking effects,
(B(as)/as — fix renormalization of trace of energy momentum tenzor

d
Blas) = #2dTﬁas = —a2 (Bo + Pras + B2a2 + Baal)
11 1 17 , 5 1
= =Ca-— -TpNyp , =_—(C% — —CATrNp — ZCpTgN
Bo pCA 3 TrlNE 51 52 CA — 3 CaTrNe — 2 CrTrNp
2857 1451 205 79 1 .
= /(3 - —=C2TpNp — —CACpTpNp + — CATEZNZ + —C2ZTpN
Pz 3456 A 1708 A TENE T g7g CACEIRNE + o CaATENE 4 55 CrlENy
11
+ mCFT%N% Tarasov,Vladimirov,Zharkov (1980);
150653 11 4 39143 17 3 23 .,
= — G|+ - ==+ =G |CiTpNy + —C3TyN
fs (124416 576C3> A ( 20735+96<3) ATERET 1og FIETE
7073 41 1051 11 53
(3 |CpCiTeNp — [ =—— — == | CAC2TsNp + —— CA TN
+ <62208 144<3> FrAZERE <1728 72) ACEIFNE + 226 CALi Nk
3965 7 . o 219 7 .
4 —(3 |CZT2N2 4 — (3 |CpCATENE
+ (10368+72C3> FTENE + | 7776 T 362 ) OrCaTiNr
77 33 5 11\ dgPedagbed /2 13 dgPeddabed
+ —CpTEpNg— | — — -G | ——"— - — —@|———Np
15552 144 12 dgr 9 6 dgr
11 2 dabcddabcd
- <£ — 5{3) %N% van Ritbergen,Vermaseren,Larin (1997)
R

Notice appearance of 3 new SU(Nc)-group structures



Perturbative QCD violation of the conformal
symmetry of massless quark-parton model - source:
the procedure of renormalization leads to non-zero

QCD [-function

Conformal symmetry is the generalization of Poincaré
symmetry
Symmetry under following transformations
» Space-time translations XM= xt 4 ah
- Lorentz transformations x* = A¥x”
» Special conforr;wal transformations
X/'u - 1—:;;511?2%
~ Scale transformations x # = px*



Generalized CBK relation in the MS-scheme
» Conformal symmetry relates e™ e~ -annihilation Adler D-function with

DIS sum rules (Bjorken/Gross-Llewellyn Smith) in the massless
quark-parton model - [Crewther (1972)]

» Explicit role of conformal symmetry breaking effects — factorization of
QCD B-function in the analogous massless QCD relation, discovered
at a’-level [Broadhurst, Kataev (93)].

» Shown to be true in all orders by applying operator product expansion
to the 3-point AVV triangle diagram in momentum p — space
[Gabadadze, Kataev (95), Kataev (96)- INR-09296];

» Proved in coordinate x-space by [Crewther (97)] and [D. Mueller

(97)]. this proof is in the review [V.Braun, G. Korchemsky, D.
Mueller (2003)]

Da(as) x C"(as) = 1+ Acsp(as)
_ B(as) . _ m
Acsp(as) = P(as), polynomial P(as) = Z Kma"
as

Ky = Ki[1,0,0]CF,
Ky = K2[27070]012;‘ + KQ[]., 1, O]CFCA + KQ[]., 0, I]CFTFNF - notice
TrNg-dependence (!)



Explicit form of CBK relation at a3 and a?

Validity of Generalized CBK at a3-strong check of different a3 analytical
calculations of the Adler function and DIS sum rules

[Broadhurst Kataev (93)]:

Ki[1,0,0] = =2 +3(3; K2[2,0, O]fﬁ+17<3—15g5;

K>[1,1,0] = —@ + 221C3, K>[1,0,1] = @ — =>(3. Explicit demonstration
of 3-function factorlzatlon at a‘s1 level

5 New explicit terms+ 1 known [Baikov, Chetyrkin, Kuhn
(2010)]: K5 = K3[3,0,0]C3 + K3[2,1,0]CE4Ca + K3[1,2,0]CrC3 +
K3[2,0,1]C2TENp + K3[1,1,1]CpCATp Ny + Ks[1,0 2]CFT2 N2
(Contain additional TpNp- terms)

K3[33010] &+6lc - 715<5+315<71

768
K3[2, 1,0] _ 929370547 + 8285< - 1555< o 105 4-7
Ko[1,2,0] = ~ thmta "1, | B, 12

K3[2,0,1] = 220 — 9 G5 + 12545 +9¢2
Ks[1,1,1] = 182 — MC - 125(5 23
K3[1,0,2] = —30—7 + 203(3 +5(; agrees with BK(93)

Validity at a?- strong check of advanced a? analytical calculations!
New 3 gauge group contributions in 83 will not spoil factorization of the QCD
B-function in a3-they should be multiplied by Ki[1,0, 0]-coefficient.



New form of the relation between
e e -characteristics and DIS sum rules in Euclidean
region — power series in (3(as)/as—term -more
detailed understanding of structure of QCD
generalization of [Crewther]| relation [ Kataev,
Mikhailov (09-10)]- CKM relation

+



Q: Is it possible to unravel structure of Acgp(as)-term? Guess : Yes!
[Kataev, Mikhailov (09-10)] CERN-PH-TH/2009-203; PoS
(RADCOR2009) 036, 2010 (prior learning [BChK2010] a? results,

arXiv:1001.0728) n
Acsn(as) = Z(ﬁ(a“> Pa(as),

n>1 as

Pn(as) = Z P gk

k>1
Pi(as) = asCr { (-2 4+ ¢3) (= Ki[1,0,0] - BK-expansion coeff.) +

(2 +G)Ca + (?77 + ¢ — 15(5) Cr| as:| +0(a3)

Pa(as) = asCy (182~ 22.) (P3(as) = O(as)- was unfixed.

Relation obtained by:

a) requiring TpNy-independence of P,(a;) and absorption them into
B(as)- coeff. (leads to unique system of equations, which relates P¥ to 3;
and K; );

b) using expansions of D4(as) and CNS(as)—coeff. d,, and ¢, (1 < n < 3)
through (o, 81 ([S.V. Mikhailov Quarks-2004 and JHEP(2007)]).



n
More general structure : Acsp = 3,5 (Bg‘?)) Pa(as) with
Pa(as) = 241 Po Fak =5 POk, m]CECR a7 where r =k +m

After learning the results of [Baikov, Chetyrkin, Kuhn (09-10)] the
guess was confirmed at a?-level. We get additional 3 contributions:

7)1(3)(35) _ [C% (2746781 4 61 Ly — 7154 4 315 C?)
+C2Cy <116563469 _ 11;23 G+ 1015 s — 105C 4+ %9 %92
+CpC2 (21907 + 23% 355 5 (5 — 33C3)]

( _ 13237 2523< + 375 3750 4 27<3>
CrCa (1433 16— 102G - 6432)} a;

P (as) = C ( — 307 4 2080,y 4545)




Higher order parts: the terms, leading in large powers of Ng

n __
Zn<10 Sux"" =
21 326 _ 304 9824 | 6496
—7+12C3}x+ [? (}x +[ T§3+320C5}x3+
2760448 _ 1268480 48640 4 280736320 | 89300480 5196800
243 243 =g G [xT {_ 2is7 T o1s7 3T G5+

5, [10320047360 _ 2327111680 - _ 507392000 - _ 1361920 ~ |6
17920C7}X Jr{ 6561 6561 O3 729 3 C7]X +

[ 3723517199360 | 611395563520 50008268800 203714560
- 177147 + 177147 G+ 6561 G + 27 G+

48742400 - | .7 | |485484017500160 _ 59933178265600 ~, _ 5212730163200
27 9 1594323 1594323 3 59049

79559065600 ~_ _ 14817689600 8 _7616109282344960 726735764193280
729 C 243 :|X + |: 1594323 + 1594323 C?’ +

195646580326400 1120185221120 316630630400 7821721600 9
177147 Gs + 729 G+ 243 o + 11X

Large Ny-dependence of polynom, multiplied by 3(as)/as factor -BK
(93); Here x = TpNgas/4.
This gives us first coefficients of the expansion:

. n
“csB = anl (M) P.(11)a5 , Where P,(11) = %’,‘3("71)01:.

as



Question:

Is it possible to apply this NEW EXPRESSION for the conformal

symmetry breaking term in practical QCD applications ?

Answer:

give NEW constraints between 5-loop results of advanced complicated

computer calculations by [BChK (09-10)]

Consider Mikhailov (04/07) representations for the Da(as) coefficients

d, = 5 dg[].] + d2[0]

d; = ()’é d3[2, 0] + 1 d3 [07 1] + (o d3[1, 0] + d3 [0]

d, = “30 d4[3] + 1 o d4[1, 1] + 3 d4[0, 0, 1] + ﬁg d4[2] + 1 d4[07 1] +
o da[1] + d4 0]

and the similar representations for the CV5(as) coefficients c,. At the

order a2 it is possible to define all coefficients for d, d3 ( [Mikhalov

(04/07)]

Using similar representations for ¢, and the original Crewther relation,

valid in the conformal-invariant limit of 3(as) = 0 we get all coefficients

for c3, c3. [Kataev-Mikhailov (this work)]



Concrete new relations:
From the original Crewther relation
Dj(as) x CNS|; = 1 we get constraint
for 3,4 and 5 -loop results from the lower loops ones: ¢2[0] + d2[0] = d?
c3[0] + d3[0] = 2d1d2[0] — dll‘
ca[0] + d4[0] = 2d1d3[0] — 3d3d2[0] + (d2[0])2 + df

Pa) = —a{ PP 1 a2pl)

= _"’S{Q[” + d2[1] + s (ca[L] + ds[1] + du(c2(1] — d2[1]))

+ 22(cal] + da[1] + d1(cs[1] — da[1]) + da[0]ca[1] + da [1162[0])}
Pa(as) = as{P +a,P)} =a, <c3[2] +ds[2]) + a2 (cal2] + da2] + d (ks[2] 63[2])>
Pa(as) = a{PMY = —as(cal3] + da[3])); Palas) = (—1)"as<c,,[n 1)t dafr - 11)

Last two equations result from the chain of "renormalon"graphs

These equations allow to get by another method the Ne-independent coefficients
Pil), P(z) Pg ). However to check these constraints for P( ) Péz) some
addltlonal 5-loop calculations are needed (contribution from glumo - element of
SUSY QCD ); PV can extracted from ¢n[n — 1] and dn[n — 1]-results of
[Broadhurst, Kataev (93)]



Application: New cross-checks for [BChK(2010)] results from
Banks-Zaks (1982) condition:
5o(TrN}) = 0 gives relation TpNj = 2Cy
Our new representation for Acsg, which is POLYNOMIAL in
(G(as)/as), leads to the identity:

d4 + C4|BZ = d4[0] + C4[0](C|)
—1(BZ) [d4]0,1] 4 €a[0,1]] — 52(BZ) [d4[0,0,1] + ¢4[0, 0, 1]]

where 31(BZ) = —% [7C2A + 1ICFCA]

B3(BZ) = —C4 B2l — CpCi {5 + 55 C2 CA
Thus d4[0] + c4[0](Cl) = 1303234% + CEC3 [ - &¢G) + CiCa [E]
Next: d4[0,1] + c4[0,1] = P? — (c3]0,1] — d3]0, 1]) dy

— [orCa (-5 + )+ CE (3 + Fa - 156) |

da[0,0,1] + ¢4[0,0,1] = P = —Cp ( - 3@)



—(1(BZ)[d4]0,1] + ¢4[0,1]] = chA[w@ 333%

(no (s — but they exist in dy and ¢4 !)

C%Ci iggg + 46741 (s — 105 1050 | 4 C3 Ca [ iggg + 66741 G — 165 Cs]
—02(BZ) [d4]0,0,1] + C4[0 0,1]] =

CF03 [ Zggg + 1511227 C3} + CZ 02 [ gig + 771 C3} + C3 Ca {1203214 128 C3}

Finally:
o aen) = T R G g )
CiCr (‘ﬁ*’ C5) +C CF( 12088 T 512 3)

These results are satisfied for Baikov-Chetyrkin-Kuhn (2010) 5-loop
symbolic analytical results - additional confirmation of the correctness of
the results of advanced analytic calculations



Conclusions:

1. We present new QFT (QCD and QED) expression for the conformal
symmetry breaking term in the relation between ete™ annihilation
and DIS sum rules - addition to Crewther unity:

n

Acsp = anl (%) Zer Pgr) [k, m]| Cl;' Cx
where r = k + m — CKM-relation—
and fix there coefficients at ai- level and in the large N expansion
up to ay.

2. Applications: new constraints between d4 + c4 [BChK(2010)] new
results. for 5y = 0 — Banks-Zaks condition.

3. Odd (-function studies- confirm that at BZ condition
(7 and ¢ disappear — reason: proportional to (3p-term— confirmation
of observation of Baikov, Chetyrkin, Kuhn (10)
Cona1-studies - possible link to N = 4 SUSY YM oriented theoretical
multiloop studies ?

4. In QED diagrammatic representations of new generalizations is
straightforward.

5. QCD applications- form-factors ? Summations of power series with
expansion parameter being RG [G-function, other possible applications
S

Analytical “experiments” detect detailed structures of QF T models
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